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Def  :  measurable if  open ,  ( ) .

       : [ , ] measurable if  open ,  ( )   & ( ), ( ) .
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Note. In probability, means. func. random variable

Thm. : . The following are equiv.:

        (1)   measurable

        (2)  (( , ))  ;

        (3)  ((- , ])  ;
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        (5)  ([ , ))   ;

        (6)  ( )         Borel set ;
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Pf. (1) (2) trivial

     (2) (3)
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     (4) (5) Def. ( ) : ( ) .
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1                               Note 2. May consider ( ) even if 

    (5) says [ , ) :                                             not invertible.
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( , ) :                             Ex. :   ( ) 0 .
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          Borel sets  (  -algebra)
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     (6) (1): trivial.

          ( , ) metric space
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Def.  :  conti. if  ( ) open  open .

       Prop.  metric space

        metric outer measure

        induced measure

        Borel

       :  conti.  measurable on 

Pf:  open
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  ( ) open in ( ) Borel in 

      ( ) measurable

Note 1. :   conti. measurable

         2. More generally, upper & lower-semiconti. measurable (Ex.2.1.11)

n

f O X f O X

f O

f X

 



 



  



 

 

Homework: Ex.2.1.8, 2.1.9, 2.1.10 

 

Sec. 2.2. Operations on measurable functions 
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    (2) Similar as (1)

    (3) "  measurable  measurable"  (Ex.2.1.9)
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Thm. measurable 

        , , lim , lim  measurable.sup inf

Pf.: ( ) (( , ])= :  ( )sup sup
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