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Chap. 2. Integration

(X, a,u) measure space

Xp€a

Def f : X, — R measurable if V open M c R, f (M) e a.

f : Xy — [~o0,00] measurable if ¥ open M c R, f *(M)ea & f({+o0}), f *({-»}) ca.

Note. In probability, means. func. = random variable

Thm. f : X, — R. The following are equiv.:
(1) f measurable

(2) f ((~oo,c) ea VeeR;
(3) f ((-0,c]) e a VCc e R;
4) f((c,0) ea Vcek;
) f(c,0)) ea VceR;
(6) f'(B)ea  VBorelset B c R;
Pf. (1) = (2) trivial
2)=03)
£ (<0, 0]) = 2 (=00, C+ 1)) c
n=1 n
)=
f1((c,0)) = X, \ f H((—0,c]) € a
4)=(5)
F1(c,00)) = 51 F((c —%,oo)) ca

(5)=(6)
Lete:{AgR: f’l(A)ea}

Then e is o-algebra
(5) says e o {[c,»):c e R}
=eD{(—oc):ceR}

=en{[ab):a<beR}

Note: x [ (A Y

f

f preserre M, U, \ etc.

Def. f (A)={xe X : f(x) e A}.
inverse image of A under f.

Note L f *(AUB)=f*(A)uU f *(B)
fH(ANB) = f (A~ f(B)
f'(A\B)=f 1(A)\ f }(B)

Note 2. May consider f " (A) even if
A not invertible.

EX.f:R—>R > f(x)=0VxeR.

Rif0Oe A

Thenf‘l(A):{ _
gif0¢ A

—eo{(ab):a<beR! ((ab)= 61[a+%,b))

= e > {open sets}
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= e o {Borel sets} (. e o-algebra)
.V Borel set B, f (B) e a

(6) = (2): trivial.
(X,p) metric space
X, < X open
Def. f : X, — R conti. if f*(0) open V open O c R.
Prop. X metric space
u” metric outer measure
u induced measure
X, < X Borel
f: X, = Rconti. = f measurable on X,
Pf: O < R open
= f7(0) open in X, = f (0) Borel in X
= f1(0) measurable
Note 1. f : X, < R" — R conti. = measurable
2. More generally, upper & lower-semiconti.= measurable (Ex.2.1.11)

Homework: Ex.2.1.8,2.1.9, 2.1.10

Sec. 2.2. Operations on measurable functions
X, a
f, g: X —[—o0,0] measurable
Lma. f, g measurable = {xe X : f(x) < g(x)} € & (also true for ">", =", "=""<" ">")
Pf. Let{r,} rational no's I
knj({x: f)<rin{x:g(x)>r})

|
U(fFH(~o)) N gTH(r ) e a.
Thm. f, g measurable, ce R
Then (1) f + g measurable,

(2) f — g measurable,
(3) f - g measurable,

(@) i measurable if g(x) 0 V x e X
g

Pf. (1) (f +9) ((—,0)) Also, (f + g)_l({oo})=f _1({00})u g_l({oo}) €a
={x: f(x)+g(x)<c} (f +9) ' ({~o})=f ({~o})ug({-o}) ca

={x: f(x) <c—g(x)}
Check: ¢ — g measurable func.



v (€-9) " ((-0,0y))
={x:c—g(x) <c}
={x:g(x)>c—c}
=g (c-c, @) ea Ve eR

(2) Similar as (1)

(3) "h measurable = h? measurable” (Ex.2.1.9)

"{XGX' hz(x)<c}: ¢ ifc<0
. ' a {XEXZh(X)S\/E}

={xeX: () <clea
fg = 3(( +9)* -1 ~0)") measurable
(4) (Ex.2.2.3) % measurable
9‘1(%,0) ifc<0
(---(é)-l((—oo,c))z g (~0,0)ifc=0
9_1((—00,0]u(%,oo)) ifc>0

Thm. {f,} measurable

= supf,, inff,, limf,, limf, measurable.
n n

Pf.: (supf,) ™ ((=,c])= {x : supf,(x) < c}

n

Il
DE:

{x:f,(x)<c}

T
IR

fn_l(( —o,C]) ea

[

Il
D8

inf f, =—sup(— f,) measurable.
n n

limf,_ =infsupf, measurable.
k nxk

limf, =supinf f, measurable.
k n=k
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m{xEx: h(x)Z—\/E} ifc>0

:é measurable)



