
實變函數論─應用數學系 吳培元老師 
 

 1

Class 12 

 
 

Note: ,  : [ , ] ,  complete measure

         =  a.e. &   measurable  measurable
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 Thm. measurable

     (1)  pointwise  measurable.

     (2)  a.e. &  complete  measurable.

Pf: (1) lim  measurablelim

     if  conv.( )lim
     (2) Let ( )
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           E : ( ) existslim

             : lim ( ) lim ( )  is measurable

             ( )  measurable by Lma 1, belowlim
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Ex. Dirichlet function: :

0  if  rational 
       ( )

1  if   irrational

       Then 1 a.e. &  measurable

( , )

Def. :  is simple function if  disjoint ,...   ...  & ,...m m m
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Lma. 1.  Then  measurable  measurable (Ex.2.1.6)

   if 0    
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Lma.2.  simple  measurable & #  ( )

Ex. Let  not Lebesgue measurable.
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Thm. 0 measurable
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Check:  ( ) ( )  .

     (1) ( )

          Then ( ) ( ).

     (2) 0 ( ) : Then ( )  for some  ( )  for all 
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Cor.   measurable    simple    pointwise. (Ex.2.2.7)

Pf: = 

       ,  simple    &   pointwise

         simple &  pointwise. 

Homework:Ex.2.2.2 & 2.2.8
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Sec 2.3. Egoroff’s Thm. 

       on 

Convergence: (1) everywhere (pointwise):  , ( ) ( ) 
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    (2) almost everywhere: ( : ( ) ( ) ) 0

                      (3) unif.: 0,   sup | ( ) ( ) |

                      (4) almost unif.
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Def.  ,  measurable on ( , , ),  real-valued a.e.

         almost unif. if  0,    (E)  &   unif. on \ .

                                                                             

n

n n

f f X u

f f E u f f X E        

a

a

 
                         

                                                               sup ( ) ( )  \ . 0  as  

Note: Next thm analogous to "  unif.  pointwise"

Thm.  almost unif.  
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