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Class 12

Note: f, g: X —[—o0,0] , u complete measure
f=g a.e. & f measurable = g measurable
{xeX:f(x)#g(X)}=Eeca & u(E)=0
Pf: Let E={x: f(x) = g(x)}
Thenu(E)=0
a (- f measurable)
W

a (-ucomplete) {x: f(x)<c}nE®
" g7 ((—o,0)) W |
= {x:g(x) <c}=({x:g(x) <c}nE)U({x:g(x) <c}NE")
Similarly for g™ ({o}) & g7 ({~o0}).

Thm. {f,} measurable
(1) f, —> g pointwise = g measurable.
(2) f, —> g a.e. & u complete = g measurable.

Pf: (1) g = limf, = limf, measurable
n

limf,(x) if conv.

(2) Let h(x) _{ n
0 if div.
E= {x limf,(X) exists}

= {x:li_mfn(x) :ﬁfn(x)} is measurable
= h=(limf,)ye measurable by Lma 1, below
n

h =g a.e.= g measurable.

Ex. Dirichlet function: f :R —» R
f00 :{O .ifx r.atio'nal
1 if x irrational
Thenf =1a.e. &f measurable
(X,a)
Def. f : X — R is simple function if 3 disjoint {E,,..E,}ca > EjU..UE =X & ..., €R >
f =d; onE; Vj.

m
Thenf =3 aixe
=
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Lma. 1. E < X Then E measurable < y measurable (Ex.2.1.6)
¢ ifc<0

Pf" =" ¢ ' ((-,c)) ={E® if0<c<1
X ifc>1

et EC = ;(E_l((—oo,%)) ca
=Eeca
Lma.2. f simple < f measurable & # f (X)<x
Ex. Let E < R not Lebesgue measurable.
Then f = y¢ not measurable
Thm. f >0 measurable
Then3 f, simple > 0< f, T f.

i-1 .. i-1 .
f <f —,i=1.2,..,n2".
Pf: Let f (x)=< 2" I 2" (X)<2” ! "
n iff(x)>n
n2 j —1 il R
~f= E?;(Eni +Nxe, Where E_ = (i 5 ,Z—n)), F. = f*([n «])

= f,>0,simple, f, T & f <f.

Check: f (x) > f(x) vx
D) f(x)=o
Thenf,(x)=n— o= f(x).
(2) 0< f(x) <oo: Then f (x) <n, for some n, = f(x)<n foralln>n,

=0<f(x)-f,(X) szin vn>n,
1
0 asn—-w
Cor. f measurable = 3 f, simple > f, — f pointwise. (Ex.2.2.7)
Pf. - f=f"—f"
3 f,,9,simple > f, > f" & g, > f~ pointwise
= f,—g, simple & f, —g, — f pointwise.
Homework:Ex.2.2.2 & 2.2.8
2

f bdd measurable = 3 f, simple > f, — f unif.on X
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Sec 2.3. Egoroff’s Thm.
f,—>fonX
Convergence: (1) everywhere (pointwise): V x € X, f (x) > f(x)
orvxeX,Ve>03IN s n>N=|f,(X)-f(X)|<e
(2) almost everywhere: u({x e X : f (x) » f(x)})=0

() unif.: Ve>0,3N > n>N=sup| f,(x)-f(X)|<e
xeX
(4) almost unif.

Def. f., f measurable on (X, a,u), real-valued a.e.
f, — f almost unif. if V¢ >0,3Eca > u(E)<e &f, —> f unif.on X \ E.

g
sup{| f,()— f(x)| xe X \E.} >0 asn— oo
Note: Next thm analogous to "f, — f unif.= f, — f pointwise"
Thm. f, — f almostunif. = f, —> f ae.



