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Class 14
Sec. 2.4. Convergence in measure

Def. { f,} a.e. real-valued measurable, f measurable
f, — f in measure if v >0, limu({x:|f,(x)—f(x)|2£})=0
N—o0
orve>0,v5>0,IN> n=N=u({x:|f,(x)- f(X)|2&}) <&

Properties:
(1)f, > f,ginmeasure= f =g a.e.

P {x:]f(x) = g(x)|}=\n{{x:|f(x)—g(x)|2%}

f If
E Ee

m
~E, c{x:|f - fn|2i}u x:|fn—g|2i vn vm
X 2m 2m
1 1 1
Reason:— < |f —g|<|f =, [+|f, —Q|<—+— o«
( e Lt/ L g LA e )
=Uu(E,)=0 Vvm
=u(E)=0
(2)f, > f inmeasure = f real-valued a.e.
Pf: Let E =y {x: f,(X) =00}
n
Then U(E) <X u({x: f,(x)=+x})=0
n
Fix £ >0
X () =H0f S (X\E)n{x:|f,() - f(x)| = &}) UE wn.
cu(fx: f =4oh) <u({x:|f, - f[2}) >0 as n>w
= f real-valued a.e.
(3)f, — f inmeasure = |f | —>|f| in measure
4)f, > f &g, — g inmeasure, a,b € R = af +bg, — af +bg in measure.
(cf. Ex. 2.4.2 (a) & (b))

B)u(X)<omo, f, > f &g, — g in measure = f g, — fg in measure
(cf. Ex. 2.4.2 (d))

Pf: (i) Check: V6>0,3¢>0 >E E{x:|g(x)|§c}:>u(EC)<5 (almost bdd)
vn, let E, ={x:[g(x)|<n}ea
~E, T UE,
n

= Uu(E,) Tu(UE,) =u(X) <o (- g real-valued a.e)
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2 Vo>0,3c=n > u(X)-u(E,) <o
I
u(Ey)
LetE=E,
(i) Check: f,g — fg in measure

{x:|f,g-fg|>¢}=F,

:(anE)u(anEc)g{x:Hn—f|2%}uE°

.'.u(Fn)SU({x:|fn— f|2£})+u (E%)
C
A\ VAN
o ifnlarge &
. f,0 —> fg in measure.

(iii) f, =0 in measure = f,> -0 in measure.

Pf: u({x: f 2 25})=u({x:|fn|2\/g})—>0asn—>oo

(iv) f, > f inmeasure= f.> — 2 in measure
Pf: -+ f,—f — 0 in measure
(iii) = (f, — f)? -0 in measure
I
f2_2f f+f2

++ 2f £ — 2f 2 in measure (by (ii))

= f.2+ % > 2f2 in measure

= f,2 = f? in measure

(v) f, —> f inmeasure & g, — g in measure = f.g, — fg in measure
1
Pf. - fngn =Z(( fn 35 gn)2 _(fn == gn)z)

52 40 (-9 = fg inmeasure

(6) f, > f in measure, g, — g in measure, g,,g =0 a.e. Vn
= f,19, — f|g in measure.
(c.f.Ex. 2.4.2 (e)

Relatoinship between coverges a.e., almost unif. & in measure.
Thm. f, — f almost unif.= f, — f in measure.
Pf. V6>0, 3E€a >u(E)<o & f,— f unif.on X \E.
=Ve>0,3 N> n=N=|f (x)- f(X)|<e V¥xe X\E.
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.'.{x:|fn—f|2g}gE, vn> N
u ({x:|f,— f|2&})<u(E)<s as n=N
Cor.u(X) <o, f, > f ae.= f, > f in measure.
Pf. By Egoroff & above

\‘a«

Note 1. In general, f, — f a.e. =% f, > f in measure.
Ex. X =R
f = Yoy f =0.
Thenf, — f a.e, but f, -» f in measure (Check !)
2. f,—> f inmeasure % f, —> f ae.evenifu(X) <o
cf. Ex. 2.4.5
3.f, > f inmeasure =% f, — f almost unif, even if u(X) <.
Reason: by 2.
4.f, > f inmeasure = f, — f almost unif.
Reason: Thm below.
Def. { f,} a.e. real -valued, meas.

{f,} Cauchy in measure if V& >0, u({x:|fn(x)— fn(X)|2&}) >0as m,n— oo,

orve>0,v5>0,3N > mnxN=u({x:|f, - f,[2&})<5.

Note: f, — f in measure= { f,} Cauchy in measure.

Pf: {x:|fn—fm|2g}g{x:|fn—f|2§}u{x:|f —fm|zg}

(-.-g£|fn—fm|£|fn—f|+|f—fm|<§+§=g )



