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Class 15

Thm. {f,} Cauchy in measure
Then 3 meas. f & fn E) fn — f almost unif.
k

k

PRV K21, let 6= 5 =—
2

—3n, > mnxn, :>u({x:|fm— fn|22ik})<2ik
Assume n, T
Check: f,, almost unif conv.

f —f

Ny n+1

Let E, ={x: <ik}ea
2
F.= ~E ca
k=m

Note: On F,, {f }unif. Cauchy.

Ny

; 1 1
VxeFp, h>j>m = xeEq g Ep,.., Ej j‘fnh_l_fnh‘<F""" fnj —fnj+1 <;
=|f, —f <L+ +i<i-i—i<g if j large
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(ie., > mingm, <%
In2

i.e., if h, j large, small Vx € R,

T fof

:>{ fnk } converges unif. to some function on F,, (advanced calculus).

R, T
LetA=UF, ca
m

lim f (x) if xeF A
Im X) IT Xe
Let f (x) =1k ™ m

0 if x ¢ A

Then (1) f measurable. (Reason: f =;(A-Iil[n fn ) X
k
(2) fn — f unif.on F,
k
x » 1 1 1
Hu(FHY< SUEHLS S —=—.—— =
QU< T uE <2 o= =
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ie., fn — f almost unif.
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Cor. 1. {f,} Cauchy in measure =3 f measurable > f, — f in meas.
Pf: By thm., 3 meas. f, fnk E) fnk—> f almost unif.

U

fn,— f in measure.

Note: { f,} Cauchy in measure, fn,— f inmeasure = f, — f in meas.

Pf: {x:|fn—f|25}g{x:‘fn—fndzg}u{x:‘fnk—f‘zg}

(Reason: & <|fy— F|<|fy = o +| fr = ).

Cor.2.f, > f inmeasure=3f > f — f almost unif.
k k

Pf: --{f,} Cauchyin measure
~Thm=3f ,3g > f — g almost unif.
k k

U

fn — g in measure
k

fn — f in measure

}: f=gae = fn — f almost unif.
k
k

Homework: Ex.2.4.2 (a), (b), (e), 2.4.4,2.4.5

Sec. 2.5 Integrals of simple functions
(X, a,u)

f= iaiXE_simpIe ({Ei} < a, paritition of X & ¢; € R)
i=1 !

Def. [ fdu =§nj a;u(E;) not necessarily distinct
i=1

f integrable if u(E;) <o Vi with o; #0.

i=1
Pf: EiﬁFj ¢¢:>ai Z,BJ =7ij say.

n m m
Check: ¥ ajzg, = ZlﬂjZFj = 2 aju(Ej) = _Zlﬂj”(Fj)'

i 1=

=2 27iju(EinFj)
i

I
By symmetry, % Bju(Fj)
J
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Note.1. f simple, Eca = y¢ f simple.
Pf: f:ElaiXEi = e f =Zi:ai;(EmEi
2. f simple, integrable, E e a = y f integrable.
3. f simple, integrable, E € a, u(E)=0= [ fdu=0.
Def. [ ¢ fdu = [ y¢ fdu.

X

Be E

Properties:
f , g simple integrable, ,f € R.
(1) af + pg simple integrable & [a f + fg du =« fdu+2[ gdu

Pf.:Say, f =X a7, 9 =X B;X_ where UE; =UF; =X,{E;} & {Fj} disjoint
i i i i i i

= af+pg=Tamy, +2 BBy = 3 (aa; + BB, )ZEWE,- , where{E; NE;} disjoint.
i ] 1)

(2) f>0ae. =[fdu>0
Pf:Say, f =Xz, 20 ae.
i i

= ;20 forthose i > u(g)>0
i

(3) f >gae = | fdu=>|gdu.
Pf: By (1) & (2).
(4) |f| simple integrable & |f fdu| < [| f|du.

PR | f[= Xl

[ fdu=Y|ou(E;) =

Zaiu(Ei)‘ =|f fdul.
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5) m<f<M ae.onEea, u(E)<w
= mu(E) <[ fdu <Mu(E)
Pfomye < f e <My ae.

T T
simple, integrable
By (3)

6)f >0 ae,EcFea
= [gfdu<|, fdu
Pf: EcF < ye<x¢
By ref<xef &(Q3)
(7) E=UE,, {E,} disjoint, ca
m
fdu = fdu
:J.E %IEm /r
Pf: Say, f =X a1y
i i m m i m
Note: E — | ¢ fdu signed measure

In preparation for the def. of integral:
{ f,} integrable, simple functions.
Def. { f,} Cauchy in the mean if [|f —f |du—0 as n,m— .
ie,Ve>0,IN > mn=N=[|f - f |du<e

Lma. { f, }integrable, simple, Cauchy in the mean

=3 f a.e.real-valued, measurable > f, — f in measure.
(Ingeneral, f, > f inmean = f, — f in measure)
Pf: Check: { f,} Cauchy in measure.

ve>0, {x:[f, () f,()|2& | =E,,.
ZEmn | fn - fm| Z g.ZEmn :>.[Emn |fn - fm|23U(Emn) (By Property (3))

need u(g,,) <o

Reason: | f, — f, | simple = i Qi XEj
i=1

. Emn g W] EI
ai#0
= U(E,)<u( U E)< T U(E)<w
aj#0 aj#0

\J
|, — f| integrable

E an_fm|2IEmn|fn_fm|25U(Emn) if mn— o0

Homework: Ex.2.5.2,2.5.3



