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Class 16

Sec. 2.6. Integrable functions
(X,a,u)

f : X — [—o0,00] meas.

Def. f integrable if 3 {fn} simple,integrable >
(a) { f,} Cauchy in the mean;
() limf, =f ae.

Def. [ fdu =lim| f,du

Notel. lim{ f du exists, since || f,du—| f du|<[|f, - f,| >0 as n,m— .
2. U(X) may be o & f may be unbdd = encompassing improper integrals.
3f,>faen[f,o>ff

f,—> f inmeasure= [ f, > [ f

} note: Both [ f, &f, should conv.to [ f & f.

Thm. f integrable iff 3 { f,} simple,integrable >
(@) & (b') f, > f in meas.

Note 3. From (b’), f integrable = f real a.e.
Pfof Thm."=""

Check: (b")
Lma & (a) = f, > ginmeas. = {f,} Cauchy in measure
Thm. =3 f, — halmost unif.= in measure & a.e.

(b) = fnk —>fae & fnk — ¢ in measure

.f=hae. & h=gae.=f=gae
o fy = f inmeas.
et
Check: (a) & (b) for a subsequence fnk
Thm & (b") =3 fn, — 9 almost unif.
= fn, 9 ae. & f, —g inmeasure
") = fnk — f in measure
= f=g ae.
= fnk — f a.e., i.e, (b) holds

@ :{fnk} Cauchy in the mean

{ e } satisfies (a) & (b).
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Thm: f integrable
Then [ fdu=lim| f du indep. of {f } satisfying (a) & (b).

Lmal. Let f, f, beas in Def.
Let A(E)=lim[cf, forEca
n

Then A:a — R is asigned measure.

Motivation:
f integrable on (X,a,u)
A(E)=[¢ fdu forEca
Then A:a — R is asigned measure.

Check: lim[ g f,, exists unif. in E.
n

|l e fo—l € fm| <[ €|fa— fm|<[|fa = fn| >0 asm,n— oo by (a
~A{l g fn} Cauchy unif. in E.
= lim| g f, exists unif. in E (advanced calculus)

n

(8) A(#) =lim[ , f, =lim0=0
(b) Let E = UE;, {E;} < a, disjoint

Check: A(E) = A(E))

I I
limjf, Tlimj_f,
n i n i

Il (by Property (7))
lim> ] _ f,

*. To prove two limits (involving n & i) interchangable if one is unif. conti.
Similar to: f, — f unif. on E, f, conti.on E = f conti. on E.
P [ £(y) = £ 00| <[ £ () = Fa()]+] F (V) = T 0] +| £ () = £ ()|
E & €&

<—+—+— forafixedlarge n &y — x.
3 3 3
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for fixed f,,, E — [ ; fj, is countably additive
\
<1242 for large fixedn & m— o
3 3 3
T 1
AE)=lim[_ f,unif.INE=Ve>03IN > n>N=sup|A(E)-|.f, |<§
n Eca



