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Class 19
Class 20
Def. f integrable on X
A(E) =] g fdu VE € a. (indefinite integral of f)
Thm (1) A is a finite signed meas.
(2) 4 isabso. conti. w.r.t. u.

A() =] X4 fdu=[0du=0
P (1) Lma. 2.6.3= A(E)=[ g f =lim|[ g f,du is countably additive.
m

. A signed measure.
Hahn decomposition of X:
Let A={x: f(x)>0}
B={x:f(x)<0}
ThenABea, X =AUB, AnB=¢
A>0, B<0,w.r.t. u.

Jordan decomposition of A:
ANE)=UENA) =[gAaf
A (E)=—AUENB)=—[g~pf
~JA(E)=Tg~af —TE~RT finite VE<ca
= A finite.
(2) Let {fn} simple, integrable, Cauchy inmean & f, - f ae.= f, > f in mean.
AE)=|lef|<|[[ef-Je fn|+|[£ fa| (Motivation: replace f by bdd f,).

A\ A\
Jelf—fal  TE|fn] (- f, simple, |fo|<c, say)
A\ A\

J|f - fal cu(E)<c5£§

if nlarge (Lma.2.8.1) VEca

N|&n >

Let & _el
2 cC
Cor. 1. f integrable

E, E, €a, E;, —> E (Analogous: F(x) = [J' f (t)dt conti. in x)

ThenIE f—)jEf
n
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Pf: -- A" ,A” finite measures
= 1Y(E,) - A7 (E)
-1 (Ep)>-4"(E) (Cor.1.2.3)
A(En) — A(E)
Cor. 2. f integrable, E,, €a, Vn,u(g,) -0
=g, fdu—>0

Pf: -.- A abso. conti. w.r.t. u.
=Ve>0,36>0 5> U(E)<5=|A(E)|<e

2¥n>0,3N > n=N=u(E)<5=|[g, fdu<z.

Def. g :[a,b] > R is abso. conti. w.r.t. Lebegue measure if
Ve>0,35>0 > for countably disjoint (aj,b;) = [a,b] with > (b —a;) <5 = X|g(by) - a(a)| < &
i i

f:[a,p] >R
Def: T§(f)=sup{z|f(xi)— f(X_1)|: a=X%y <X <..<X =b }
i

(Total variation of f over [a,b])
Def: f of bdd variation over [a,b] if Té’( f)<oo

BV[a,b]={f on [a,b] of bdd variation}
Def: Pab(f)zsup{Z(f (x)— f(xi_l))+ ra=Xy <X <..<X,=b }
i
(Positive variation of f over [a,b])
N2 (f) =sup{z(f ()= F (1) 1 a=Xyg<X <..<X;=b }
1
Neg. variation of f over [a,b].
Note: Similarly, [a,b]— R?: ti> f (t) = (x(t), r(t))
Then T{f (f) = curve length; curve rectifiable if Tg’ (f)<w
Properties: (cf. Royden, Chap. 5. Sec. 2)
Note: x € R, %(x+|x|) =x" =max{x,0}
_ . 1
X~ =-min{x,0} =§(|x|—x)
X=X =X [} =xT X
(1) f T on[a,b]
PY(f)=f(b)- f(a)
NP(f)=0
T2 (f)=f(0)- f ()
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(2)f 4 on[a,b]
PP(f)=0
N3 (f)=f(a)- f(b)
T2(f) = f(a)- f(b)
Summarized: f monotone on [a,b]
=TP(f)=|f(b) - f(a)]=P2(f)+NE(f)
e, f eBV[ab]

(3 Max{N3(F). P ()] <T2(F) < PY(F)+NZ(f).

(4) If f eBV[a,b], then P2(f)+ N2 () =T2(f)
PP(f)=N2(f)=f(b)- f(a)
G)a<c<b=TO(H)=TS(H)+T2(H)=>TX(F) T
Similarly for P& N
6) T2(f +9) <T2(F)+T2(q)

(7) T3 (cf) =[e[ T2 ()
Note: BV[a,b] is a vector space.
Note: Ta? (-) on BV[a,b] is "almost" a norm.
Except: Ta? (f)=0< f =const. on [a,b]
(8)f eBV[a,b]< f =g—h, whereg,h T on[a,b].
If f conti, g, h can be conti.
Pf: "=" Letg(x) = Py (f), h()=NX(f)-f@ 7T (by (5)
Then f (x) = g(x)—h(x) by (4)
"<": By (1), (6) & (7).
(cf. Ex.2.8.3)

9) f,, » f pointwise on [a,b]:>T§)(f) Sli_mTf(fn), ie.,f |—>T;f(f) lower semiconti.

(10) f abso. conti. —f of bdd variation (Ex.2.8.4)
&=

Ex.f T on [a,b] but not conti.
Note: f unif. conti.= f bdd variation (Ex.2.8.5)
(11) f satisfies Lipschitz condition = f abso. conti.= f of bdd variation on [a,b].

ie, [fO)-g(x)|<M|x-y| vx ye[a,bl=T2(f)<M(b-a).

Homework: 2.8.2, 2.8.4,2.8.5



