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Class 2

Chap.1l. Measure theory

X set

{E, } subsets of X

Def. limE, = {x € X : x belongs to infinitely many E,'s}

Def. {E,} has a limit if imE, = limE,
In this case, let limE, = this set

Ex E = Aif n even
" |Bifn odd.

Then limE, =AU B, limE, =A B.

- limE,, exists < A=B

Analogue: a,b,a,b,.... Then limit exists <> a=b
Properties:

(1) limE, < limE,

o N
nE, UE,
n n
(2) (limE, )¢ = limES (Ex.1.1.1)

(lmE,))° = limE

(3)E,cE,,, V,= limE,=_E,. (analogue:a, T & bddabove = lima, exists &=supa,.)

n
E,2E,, V,= limE,=~E,.
n
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(4) Ec X

Def. ze(X) :{

T
characteristic func. of E
e X—>R

lifxeE
Oifxg E

limye, = zlimeg (Ex.2.1.7)
“_W(En = Z"_mEn
(5) limE, exists < lim g exists.
Def. (X)={all subsets of X}: power set of X
Def. R < p(X) ring if
(1) ¢eR
(2) A BeR = A\BeR (Def. AB={x e X &x ¢B})
(3)ABeR = AUBER.

Properties of ring R:

(1)A&,..,A1€R:>;J1AER J; s

(2)ABeR = AnBeR
Pf: AnB =A\(A\B)eR.

3)A,..A €R = _éAeR

Def. R isanalgebraif R ring & X e R
(4R ring
Define A+ B = AAB
A-B=AnB.
Then (R, A,n) is an (algebaic) ring.
(cf. J.B. Wilker, Rings of sets are really rings, Amer. Math. Monthly,89 (1982), 211)

Def. R o-ring if

(1) ¢ R
(2)ABeR = ABeR

3) A, A..cR = UA <R
n=1
Def. R o-algebraif R o-ring & eR
Note: In prob. theory, elements in R are "events"; X = {aII outcomes}

Ex. Tossa dice: X={1,2,...,6} R=g(X)
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Note: o-ring = ring
o-algebra = algebra
Properties of o-ring R:
(1) A, A,..cR= ~A eR. (Ex.1.1.3).
n=1
LetA=A UA U...eR
Pf. ~A, = AVU(AVA) eR.
n n

) A, A,...e R=1imA limA, eR. (Ex.1.1.3).

Thml.Risaring< ¢ € R;
A BeR = ABEeR;
ABeR AnB=¢g=AUBeR
Pf."<" A
~~AuB=(A\B)UB

A\B B
Thm2.Risanalgebra < ¢ € R;
ABeR = AuBEeR,;
AcR=A"eR.
Pf." <" A B
“A\B=ANB°=(A°UB)‘eR

& X=¢°eR

Thm3.Risao-ring< ¢ € R;
ABeR = ABeR;
{A} € R, mutually disjoint = LA, e R
n

Thm4.Risa o-algebra << ¢ € R;
A BeR = ABeR;

{A} = R, mutually disjoint = UA, € R
n
X eR.
D c p(X)
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Let R, be the intersection of all rings containing D.
Notel. intersection of rings is a ring
2. 3 ring g(X)which contains D.
= R, is the smallest ring containing D.
Def. R, ring generated by D, denoted by R(D): .top-down;

buttom-up: perform u,N,\ repeatelly on elements of D.
Similarly for o-ring, algebra, o-algebra.

Ex.X =R
D={[0,2].[1.3]}  [0.2]\[1,3] [1.3]\[0,2]
[I—
Then R(D)={4,[0,2].[2,3],[0.1),(2,3],[1.2].[03].[0,1) v (2.3]}

I \\

[0,2]~[1,3] [0,2]U[1,3]
algebra generated by D = R(D) U {R, (-0,0) U (2,:0),...}

o-algebra generated by D=algebra generated by D U ...
Homework: Ex.1.1.8, 1.1.9

o-ring generated by D = R(D)



