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Class 21
Sec.2.9. DCT (dominated convergence thm)

Class 21
Sec.2.9. DCT (dominated convergence thm)

Question 1: f, — f, f,, integrable =% f integrable;
Question 2: f, —» f, f,, f integrable = | f, —[ f.
Thm. {f,}, g integrable.
fo — f inmeas. or a.e.
| fa|<g ae. vn
= f integrable & f, > f inmean. (= [ f, > f)
Note: a.e. or in meas. need extra condi. on {f,} > f integrable & [ f, — [ f
condi 1. { f,} Cauchy in mean.
condi 2. DCT: | f,|< g a.e. Vn, where g integrable

condi 3. MCT: 0< f, T f ae.

iif—stl Ex.1

ExLf,(X)=sx n for x €[0,1]
0 otherwise

[EN

Then f,, integrable
But f,(x) = f(x) a.e.&inmeas., butf not integrable (Ex.2.7.6)
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Ex 2. (same as Ex.2.9.1) f, =ny[n-1/n,£] on [0,1] 3 -
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Then f, —0 a.e. & in measure on [0,1] Ex2 1 i i
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Pf: (I) Assume f,, — f in meas.
Check: {f,} Cauchy in mean.
Then Thm 2.8.2= f integrable & f, — f in mean.
Let E ={x: fh(x) =0}
n
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x| fa = fml = Ix el T = T+ g fn = fm|:JFk|fn‘ fm|+JEk|fn‘ fin|

|l A\
00 ij|fn|+ij|fm|
Ex.2.6.2 = E o-finite A\ A\
.'.E=kU1Ek, Ek T,ina, U(Ek)<00. '[Fkg '[Fkg
Let Fk ZE\Ek A
"R lg=p 950 sk | ifk large Ym,n
(- finite meas.)

Now for jEk|fn — fon]
Let Gy = {X:| fr(X) = fin (¥)] 2 &1
“ g, [ fo = =EdGe, | fn = fm|+f|5kmc;mn [ fn = fn|
< &u(Ey men)+IEkamn|fm|+jEkamn|fn|
<gu(B)+2[g ~c 9
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&y if m,n large
Reason: f, — f in meas.

= {f,} Cauchy in meas.

= U(Gyn) > 0asm,n— o0
= g, 9 small by abso. conti.
= [| fy — fy| smallif m,n large

i.e, {fy} Cauchy in mean.

(I) Assume f, — f ae. & |f|<gae., gintergable
Check: f, — f in measure . (Then by (1))
(x:|f-f]ze} < U {x:‘fj—f‘Zg}sEn.

j=n
~u({x:|fy = f|z e} <u(Ep)
Check: u(Ep) >0 as n— o

Note: E, v ~E, ~ f,—f ae.
n

:>u({x: fn(x)%f(x)}):o
U/

ﬁEn
n

= U(nE,)=0
n
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Need to check: u(E,) <o (Then u(E,) + u(~E,)=0)
n

- Xe E, = for some j>n, gg‘fj—f‘s‘fj‘+|f|§2g:>gzga.e.

(| fy|<gae.=|f|<gae)

= En"g"{x: g(x)z%}

"+ g integrable = RHS has finite measure.
= U(Ep) <00
Homework: Ex.2.9.2-2.9.4
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(integrable)



