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Class 22
Sec. 2.10 Applications of DCT. (easier to apply than def. of [ f).
Thm. f meas., g integrable.
|f|<gae.= f integrable.
Notel: As comparison test for series or improper integral
2: If f simple, then Ex.2.7.2.
3: False for Riemann integrals:

1if x rational
Ex.f(x)={ if x rational [0.1]

0
0 if x irrational
Then | f|<1on [0,1] But f not Riemann integrable

Pf: Check: | f| integrable
Isimple f, > 0<f, T |f] ae.
o fh<|f|<gae & f, simple
Ex. 2.7.2 = f,, integrable
.. DCT = |f| integrable

Def. f meas. func.
f is essentially bdd if3¢>0 > |f|<cae.
Def. ess. supf =inf {c:|f|<c ae|
Cor 1. f integrable, g meas., essentially bdd = fg integrable
Note: g may not be integrable
Pf: Say, |[g|<c ae.
| fg|<c|f]| ae.
g
integrable
= | fg| integrable
= fg integrable

Cor2.Ee€a, U(E)<w
f meas., esentially bdd on E
= [ g T exists.
Pf. -s|f|<cae onE.
= |ref|<cyg ae.
T

integrable
= yg f integrable, i.e., [ g f exists.
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(Note: f bdd on finite measure set = f integrable
Much more general than Riemann integral
i.e., any proper integral conv.)

Monotone convergence thm: (MCT)

o< f,Tf ae, {f,} integrable

= [f, T[f
Note: In general, f may not be integrable
1 1
= on [=]] 1.
—if 1

Ex. fr(x)=1{* N & fx)= X x<(04]

0 on [0,—) 0 if x=0
n

Then0< f, T f ae. &f,, integrable
But f not integrable, j(l)f =
Pf: (1) f integrable:
w0 f, < f ae.
DCT=[f, T]f
(2) f not integrable:
Then [ f =0
Check: lim|[ f, =0
n

Assume lim| f, <oo. (= {] f,} Cauchy)
n

~+{f,} integrable, Cauchy in mean, f, — f a.e.
T
(Reason: [| fy, = fy|=[ fy —[ fy > 0as m,n— )

(Assumem=>n) (- lim [ f, exists)
n

= f integrable Sy
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Fatou's lemma:
f, >0, a.e. integrable vn = [limf, <lim| f,
Note: f - [ f is lower semiconti.
(* f > [ f notconti. ..weneed DCT, MCT or Cauchy in mean)
Pf: Letf =limf, =supinf f;

n j=n

T
On
Then0< g, Tfae & g, integrable (- 0<g, < f, integrable)
~MCT=[g, T f
A\
[fn
= [ f <lim[ f,.

Note 1: Ingeneral, [f <lim[f, (Ex.2.10.14)
EX. fn =Xmnsp) ONR, f =0
Then f, >0, integrable, f =limf, (- g, =inf f; =0)

j=n
~JHi=0x lim[ fl, EX
Note 2: MCT — Fatou (Ex.2.10.2)

&

Homework: Ex.2.10.2, Ex.2.10.3, Ex.2.10.4



