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Class 23- Class 24
Sec.2.11 (Proper) Riemann integral
f bdd function on [a,b]
For any partition 7: a =Xy <X <...< Xy =D,

{

|7| = max{x; — X1 : 1<i<n}
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S, upper Darboux sum i
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s, lower Darboux sum
T, Riemann sum
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(1) Darboux integral: jgf(x)de limS, = lim s,
‘72"—)0 ‘7[‘—)0

(2) Riemann integral: jg f(x)dx= lim T,
‘72'1—)0

Note: From advanced calculus, (1) & (2) the same.
(3) Lebesgue integral: J[a,b] f (x)dx
Thm 1. f bdd on [a,b]
Then f Riemann integrable iff f conti. a.e. on[a,b]

Ex. 1. f monotone on [a,b]

= disconti. at most countable (Ex.2.11.2)

= f Riemann integrable
Ex. 2. f of bdd variation on [a,b] = f Riemann integrable

Thm 2. f bdd on [a,b]
Then f Riemann integrable = f Lebesgue integrable & jg f (x)dx :j[a,b] f (x)dx

Note 1. not true on infinite interval
Ex. (Ex.2.11.3) (%) =% 0n (1,00)

X
Then f Riemann integrable, but not Lebesgue integrable (-.: | f| not Riemann integrable)
Note 2. not true if f not bdd on [a,b]

sin(2)
Ex. f(x) =—2— on (0,1)
X

(c.f. AA. Kirillov & A.D. Gvishiani, Theorems and problems in functional analysis, Problem 191)
Then f Riemann integrable, but not Lebesgue integrable
Note 3. Riemann-Stieltjes & Lebesgue-Stieltjes (Ex. 2.11.9)
Pf of Thm 2:
(1) Check: f Lebesgue-measurable
(Then f bdd on[a,b]= f Lebesgue integrable)
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{Check: Vv open set O, f‘l(O) Lebesgue measurable

Check: V open interval I, f‘l(l) Lebesgue measurable
Let E; ={xe(a,b): f conti. at x}
Let E; =[a,b]\E;. Thenm(E,) =0

Y =(F T NEY U T N Ey)

N\

E;
= f_l(l)mEz measurable x f (x)
(.- Lebesgue measure complete) aN, b I

Check: f (1)~ E; measurable

Letxe f2(1)NE;
Then f(x) el and f conti. at x
= 3INy nbdofx > f(N,)c I
Let N = UNy
X

Then N open and f"l(l)m E; = N n Ey: Lebesgue measurable
= measurable

(2) Check: |2 f (x)dx = [ [a.57 f (x)dx
Vr:a=Xy<X <..<Xpq1<X,=b,

Let m; =inf{f (x): x e (X.1, %)}

n
Let f, (X)=2 Mi (%1, %) simple, Lebesgue integrable
i=1

i< fae.
=>[f, <[f
I

2mi(Xi —Xj_1) =Sz
|

K

Y, S
=<
x
N

= lims, <[f
|7z|—>0

Il
2 (x)dx
Similarly with upper sum = [2 f (x)dx > | f

= [0 f (X)dx =] (a5 F (¥)lx

Homework: Ex.2.11.3, 2.11.4, 2.11.10

X =T —------
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Sec. 2.12. Radon-Nikodym Thm.
(Motivation: f integrable on (X,a,u) & u(E)=[¢ fdu

= (;—Gl = f: one half of fund. thm of calculus

(X,a) u, u signed measures
Def. < u if [u|(E)=0 forsome E ea=> u(E)=0
(u abso. conti. w.r.t. u).
Lma. The following are equiv.:
(@) u<uy;
(b) " <u & < u;
© |4 <u
Pf: Let X = A U B be Hahn decomposition of x
(@) = (b):
Assume |u|(E) =0=|u[(EA)=|u[(ENnB)=0
@ = uEnA)=u(ENB)=0
Il |
u(E)  u (E)
(b) = (c):
Assume |u|(E)=0

Then|u|(E)=u" (E)+ 4 (E)=0+0=0
()= (a):
Assume |u|(E)=0

S Ju[(E)=0= 4" (E)=pu (E)=0=> u(E)=p"(E)—u (E)=0



