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Class 25

Thm. Assume |u|(E) <o for E € a = |u|(E) <o
Then |u| < |u| < |4 abso. conti. w.r.t. u| (according to Def. 2.8.1 on p.52)

N
Pf: Vé>0,36>0 > VEea > [u(E)<d=|y(E)<e
"<" Assume |u[(E) =0=|u|(E) <& Ve>0,ie, u<u

"= " Assume contrary.

1 1
Then3 &>0, vz—n>oa {Enjca > |u|(En)<2—n & |u|(Ep)=¢

P — o0 0
LetE=IlimE, = ~ UE,
k=In=k
Check: (1) |u|(E) =0
) |4/(E)=¢ (Then, |y« uc pku —<)

0 e8] e 9] 1 1
@ |u|(E) £|u|(nka”)£ n§k|u|(|zn) < n§k2_n:F vk
= |u|(E)=0
) |1/ (E)=Tim|y|(Ep) = &
(Thm. 1.2.2)

(Reason: |u|( ) En) < X |ul(Ep) Szi=l<oo
n=1 n n2"

o0
:>|,u|(uEn)<oo
n=1

Note: If # finite positive measure, then two def's are equiv.

Integration w.r.t. signed measure:
(X,a), u signed measure
f meas. func. on X
Def: f integrable w.r.t. u if f integrable w.r.t. |ul

g

f integrablew.rt. u™ &u”
Note: | Ex.2.12.1
Ml Ex.2.7.1

Def: [ fdu = [ fdu™ | fdu~
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Note: (X,a) u signed measure
f integrable on X
Let u(E)=[g fdu for Eca
Then x signed measure & u abso. conti. w.r.t. u (as Def. 2.8.1 or Def. 2.12.1)
.. Radon-Nikodym Thm says the converse
Thm. (X,a)
u, u o-finite signed measures
p<u (Ju/(E)=0= u(E)=0)
Then (1) Imeas.f on X > u(E)=[g fdu VEea >|y|(E) <
(2) f is unique a.e. (w.r.t. u) Note: f may not be integrable

Def: C;—ﬂ: f ae [u] (Radon-Nikodym derivative of z w.r.t. u)
u

Notel: x finite signed measure & u < u
Then f integrable w.r.t. u (= u is indefinite integral of f)
Pf: - |g|(X) <00
Soau(X) =] fdu< oo
= f integrable w.r.t. u
Note2: If u not o-finite, R-N Thm not true.
Ex. [0,1], a ={Lebesgue meas. sets}
u = counting measure
4 = Lebesgue measure

Then u not o-finite (. [0,1] uncountable), « finite measure.
u<u

If f meas. > u(E)=[g fdu VE€a
Let E = {x}
Then y({x})=f{x} fdu = f(x) Wx

I
0

= f=0
=>u=0 -«
Note3: u = Lebesgue measure on [a,b],
E=[ax],
F(x) = u(E)

= L
du
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Note4: Change of variable (Ex.2.12.4); Chain rule (Ex.2.12.5); linearity (Ex.2.12.6)
Ex. LetX ={1,2,3,....}
a=2%
u({k})=1fork e X

I.e., U= counting measure

,u({k}) :Zik fork e X

Then u o-finite, 4 finite, < u. Find 3£

du
Solu. -~ u(E)=[g fdu forE €a..
Let E ={k}
SEIRT0
2
du 1
S——=(Kk)=— for ke X
QU (k) X €
k
In general, d—ﬂ(k)z H(k}) (v 1 < u=> well-defined a.e., [u])
du u({k})
k
Similarly, u < ¢ & d_u:M vk e X
du  u(k})

Pf: Assume u, u finite measures & p << u
(1) Existence:

LetD:{fZO, meas.&jEfdus;z(E) VEea}
Note: D # ¢ (Reason: f=0e D)

Let a:sup{j fdu: f D}
Then3 {f,} =D > Ii;njfndu:a

Let g, =max(fy,...f ), n=12,.... & fy =sup g,
n

Then0<g, T f,



