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Class 26

- f, e D= f,, integrable = g, =integrable (Ex.2.10.13)
~MCT = [g,du — | fodu = | fodu 2 a......(i)
v/
[fhoa
Check: g, €D
Check: [gg,du<u(E) VE€a
Let By ={xeE: gn(x) = fi(X)}

E, ={xeE: gh(x)=f,(0)}\Ey

En={xeE: gy(X)= fy(N)}\(Ey U..UEp1)

n
ThenE= UE; & {Ej} disjoint

j=1

s LHS = % jEj gndu = % jEj fidu < % H(Ej) = u(E)
=1 =1 R
Similarly, [ gg,du — [ g fodu VE € a
A\
#(E)
= fpeD
= [ fodu <a......(ii)
() & (i)= [ fodu=«
Let A(E)=u(E)—| g fodu for E €a. Then 1>0.
Check: 1=0

Consider 4 —iu, m=12,..., signed measure.

m
1 X
Let X = A, U By, Hahn decomposition of 4 ——u.
m
Let Ay = UAy,, By =By
m m
Then, X =AyUBy & AynBy=¢ X

++By < By & Byy <0 Vm
:}ﬂ(Bo)—%U(Bo)SO vm,

-0< A(By) S~ u(By) —> 0 as m—> oo
m

— A(By) =0
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Assume A #0 = A(Ay) >0
wA<u=Uu(Ay)>0

(- A(E) = u(E)— [ g fodu < u)
= U(Ay,) >0 forsome m=>1

1
Letg = fyg+— >0
9=To 4 An
Check:ge D

-.'ngdu:jEfodu+%u(Em%) An=0

A\ U

AENA) ('.'(l—%u)(EmAfn)zo)
I
HENAR) =T EAA, fodu
<u(EnAy)+[ g, fodu
Su(EnAp)+u(ENAy) (- 420)
= u(E)
= [gdu<a =] fpdu
Il

1
[ fodu +Eu(Am)
Vv
[ fodu —¢
s A=0

i.e., /J(E) =_[ E fdu VE ca

(2) Uniqueness:
Assume u(E)=[g fdu=[ggdu VE € a
=[g(f-9)du=0 Vg €a
Thm.2.76= f =g ae. [u]
In general, assume u, i o-finite signed measures
i.e. |u|,|¢ o-finite measures

= X =UA, [o|(A) <= & (A} disioint gi"

X =UBj, |1|(Bj) < & {B;} disjoint
J



Eﬁ’@ﬁr@\"‘?ﬁ*%@@ﬁ*ﬁ% ﬁ*ﬂ‘fﬁﬁ I
= X = U(A NBj), [u/(A NBj) <o, [4/(ANBj)<x & {A NB;} disjoint
]
:>3fij onAimBj By(E)ZJEfideVEEu,EgAiﬂBj -
Define f = fj; on each A N B; .ﬂﬁ
Homework: Ex.2.12.3~2.12.5

Sec. 2.13. Lebesgue decomposition (Hahn, Jordan decompositions)

(2 measures) (only 1 measure)
(X,a), u, u signed measures
Def:u Ll uif3IABea > X=AUB, AnB=¢ & |u|(A)=0, |4(B)=0
(u, & mutually singular)

Ex: X =[0,1], a ={Lebesgue meas. sets} X
u = Lebesgue measure

o
1if =—eE ]
u(E)= 2 p: (point mass at %)

0 otherwise
Thenu L u

Reason: A= {1} B =[0,1]\ {1}
2 2

Properties:
(1) u signed measure, u =u"* —u~
=u"Lu, u" <, u <|ul
u*(B)=u(AnB) =u(g) =0
U™ (A)=u(BNA) =—u(4) =0

QuLly, ul gy =ul(oy+pPuy)fora, feR (Ex.2.13.2); 1y < U, 1y <U= auy + Puy <u
B plu&u<xu= u=0



Pf:. () ulu=
with |4|(B)=0, |u|(A)=0
(i) p <u=|y|<u
ul(A)=0=|g|(A) =0
L= |y|(X) =0, i.e, |u| =0
= u=0
Thm. (Lebesgue decomposition)

u, 1 o-finite signed measures on (X, a)
= (1) 3 o-finite signed measures Ly, 14 >
M=o+, Ho LU &p<u

(2) g, 14 are unique.
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