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Class 29
Fundamental Thm of Calculus:

(I) f Lebesgue integrable on [a,b]
g(x) =X f(t)dt for x [a,b]
Then g'(x) exists a.e. & g'= f a.e. on [a,b]
Pf: As in proof of Lma 4, g’ exists a.e. & may assume f >0

(Reason: f = f*—f7; g(x)=[X(f"—f7), applytof™, ")

'Letf ()= f(x) if f(x)<n
"™ 1 n otherwise
S f—f,20

:>j;((f ~f) 1

LmaZ:%jg(f — f,,) exists, >0 a.e.

. d . dy
ie, —[2f>—([2f Vn
dx fa dx fa Ty

Il I
g’ f, (by Lma 4, since f,, bdd)
Letn—>w =g'>f ae.
' On the other hand, “- f >0=g T
Lma5=]2g'<g(b)-g(a)=J3 f
g'=>f a.e.:jgg’zjgf

=12(g'~-)=0
vg'>fae=g'="fae

Fund. Thm of Calculus (1I):
Riemann: g’ exists on [a,b] & conti. on [a,b]
= [Xg'(t)dt = g(x) - g(a) for x € [a,b]
Lebesgue: g abso. conti. on [a,b]
< @' exists a.e., g’ integrable on [a,b] & j;‘ g'(tdt=g(x)—g(a) vxela,b]

Pf."<"g(x)= g(a)+j§ g’ = g abso. conti. (Ex.2.8.2)
"= "- g abso. conti.
Ex.2.8.4 = g of bdd variation
Ex.2.8.3= g=0;-0,, wheregy, g, T
" 01, 0o exists a.e. & integrable (Lma 5)
= g’ =07 — 05 exists a.e. & integrable
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Let ¢(x) = g(x) - J5 g'(t)dt on [a,b]
w@'=9'-g'=0ae.

= @ =c on [a,b] (Note: ¢ conti. & ¢'=0a.e. % ¢ =constant)
(Royden, p.109, Lma 13)

Lma. f abso. conti. on[a,b], f'=0 a.e.= f =constant on [a,b]

Pf: Check: f (c) = f (a) Vc [a,b] a ¢ b
Let ce[a,b]

LetE={xe(ac): f'(x)=0}=m(E)=c-a
Need Vitali's lemma:

m*(E) < oo, ﬁz{intervals} > ( covers E in the sense of Vitali
e, Ve>0, xeE, dlel > xel &m(l)<e

« N
Then V6 >0, 3{ly,..., Iy} = ¢ disjoint > m (E\ U1,) <&

n=1 i
Let7>0 & xeE

 f(x)=0 j
=3[xylclacl > [f(X)-fy)|<nx-y] 2

Let | ={[x, y]} covers E in the sense of Vitali
On the other hand, - f abso. conti.

an
<
oL

n n
2 Ve>0,36>0 5 {[x,y]} disj. > _zl|yi—xi|<5:>_zl|f(yi)-f(xi)|<g
i= i=

For this &, 3 {[x1, V1 ]...[ %, Yn ]} < ¢ disj. >m (E\ O [%.viD <o
Nn=
May assume |a < X;

If
Yo

<Y1 <X2|<...<|V¥p

Xn+1

<cC

n
S Y X -Yk| <8
k=0

n
= IEo|f(><k+1)— fye)|<e
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= 11O 1@]=| 2 (0w~ F0)+ X (10~ F0)

n
<&+ X nlyx — %)
K=1

<e+n(c—a)
Lete, o >0 = f(c)= f(a)

220/ < p(b) - p(@) <o
= ¢’ integrable on [a,b]

sc=g(x)—-[Jg'(t)dt vx e[a,b]
Letx=a=c=g(a)
a9’ =9(0)-9()
Homework: Ex.2.14.5
Goal of Sec 2.15 & 2.16:
f >0 (Tonelli) or ff| f (x, y)|dxdy < oo (Fubini)

= [[f(x,y)dxdy = [(] f(x, y)dx)dy =[ (] f(x, y)dy)dx, i.e., double integral = interated integrals
Sec. 2. 15 Product of measures

(X,a) (Y,), XXY, axp

T T
Cartesian product of & f rectangle \ A X
LetEc XxY,xe X,yeY

Def. Ey ={y:(x,y)eE}  X-section of E

Y
Def. a x 8 = the o-algebra generated by {AxB: Aea, Be j} £
B

EY={x:(x,y)eE}  Y-sectionof E
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LmalEeaxp
=>Eef & EYea VxeX,yeY
Pf: LetD:{Feaxﬂ: FXG,BVXGX}
ThenD> {AxB: Aea, Be B} &D o-algebra
Reason: (1) X xY e D
(RQFeD=F eD (. (F) =(F%y)
(3)AnEDvn:>KnJAnED ('-'(knJAn)x =an(AnX))

=Doaxp

Lma2ZeXxYeaxp, Zc XxY

FZ{C)(A'XBi): {A x B} disjoint, A ear, Bje 8, AxBjeZ }
i=1

ThenT ring

Pf. (1) ¢l
(2) T contains finitely disjoint union
(3) Check: E,FeI'=E\F el
Say, E = &Ei, F= BFJ-

i=1 j=1

n m c
.'.E\FZ(UEi)ﬁ(ij )
i=1 j=1

n m c
=u mEiﬁFj
i=1 j

j=1
ni{m
= U| NEj\F;
i=1] j=1

m
) (DJ-1 v Djz) = disjoint rectangles
j=1

y (ANA)x(B\B)) =Dy

E
B]_ [}
Bzﬂ Fi%>

1P (A\A)xB =D,
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Say, (D13 v Dy2) M (D21 w Dy2)
= (D11 N D2y ) (Dyp MD21) W (Dry M Dyy) W (D M Dy2)
disjoint rectangles
= f_\Ei \ Fj el’
]
a
Ei
= E\F finite union of disjoint rectangles, I
=TI ring



