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Class 29 
Fundamental Thm of Calculus: 

(I)  Lebesgue integrable on [a,b]

    ( ) ( )  for [a,b]

    Then ( ) exists a.e. &  a.e. on  [a,b]

Pf: As in proof of Lma 4,  exists a.e. & may assume 0

     (Reason: ;   ( ) (
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On the other hand, 0
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Fund. Thm of Calculus (Ⅱ): 

Riemann:  exists on [ , ] & conti. on  [ , ]

              ( ) ( ) ( ) for [ , ]

Lebesgue:  abso. conti. on [ , ]

    exists a.e.,  integrable on [ , ] & ( ) ( ) ( )  [ ,
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    Pf: " " ( ) ( )  abso. conti. (Ex.2.8.2)x
ag x g a g g   
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      " "  abso. conti.

      Ex.2.8.4  of bdd variation

      Ex.2.8.3 , where , 
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Let ( ) ( ) ( )  on [ , ]

      0 a.e.

       on [ , ] (Note:  conti. & 0 a.e.  constant)
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(Royden, p.109, Lma 13) 

Lma.  abso. conti. on [ , ],  0  a.e. constant on [ , ] f a b f f a b   
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Need Vitali's lemma:

( ) , intervals    covers  in the sense of Vitali

                    i.e., 0,  ,     &  ( )

Then 0, ,...,  disjoint  ( \ )
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Homework: Ex.2.14.5 

Goal of Sec  2.15 & 2.16: 

        0 (Tonelli) or ( , )  (Fubini)

       ( , ) ( ( , ) ) ( ( , ) ) , i.e., double integral interated integrals

Sec. 2. 15 Product of measures

    

f f x y dxdy

f x y dxdy f x y dx dy f x y dy dx

  
       
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Lma 1 E

           &    , 

     Pf: Let :   

          Then D  :  ,   &  -algebra

Reason: (1)   

                            (2)   ( ( ) ( ) )
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