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Class 3
Sec.1.2. Measure
X set, a o-algebra on X

Def. u:a —[0,]is a measure if

(1) u(#)=0;
(2) u is countably additive:

u(OE,) = S u(E,) for E,ea,ENE;=¢ for i= ]
n=1 n=1
Def. additive: u(EuUF)=u(E)+u(F) forE,Fea, ENnF =¢
finitely additive: u(E, v...UE )=u(E) +...+u(E)) forE,,....E ea, ENE; =g fori=j
subadditive: u(EuUF) <u(E)+u(F) VE,Fea
finitely subadditive: u(| JE)<| Ju(E)) VE,,....E €a

i=1 i=1

countably subadditive: u(| JE) <| Ju(E) VE,,....E, ea

i=1 i=1
u finite measure if u(X) <o

u o-finite measure if 3 {En}ga EY u(En)<oo vné& X :UEn
n

Properties for u measure on a:

n n
1) ElE €a, E.NE. #¢ fori= j=u( U E;))= > u(E;) (finitely additive)
My N i=1 ' =1
Pfilet Eqs = E[3=.1=g

(2) E,F ca, EcF = u(E)<u(F).
Pf: F = EU(F \ E), disj. AE

(1)=u(F)=u(E)+u(F\E).
= Uu(E)<u(F)

(3)E,Fea, ECcF,u(E)<owo=u(F\E)=u(F)—-u(E).
Note: If u(E) =0, then u(F) =0 = u(F)-u(E) meaningless.

4EFea=u(EnF)+u(EUF)=u(E)+u(F) (Ex.1,2,3)
= additives & ubadditive
Pf: EUF = E U(F \E), disj. E F

— U(EUF)=u(E)+u(F \E). %
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WD UENF)<ow: u(F\E)=u(F\(EnF))
| < by(3)
u(F)-u(EnF)

(2)U(ENF)=w: ~u(EUF)=0o by (2)
.. LHS =00 =RHS

(5) E,ea=u(~E, )<XUu(E,) (countably subadditive)
n n

(= finitely subadditive, subadditive)
Pl F,=E,,F, =E,\E,,F, = E;\(E, UE,),...
=>F cE, vV, & UF,=UE,, {F,} mutually disjoint.
n n

U(UEn) = U(UFn) = ZU(Fn) < Zu(En)

(6) E, ca & E, T= limu(E,) =u(limE,)).

Pf: IimE, = UE,
n

limE,=E, U (E, \E;) U(E; \ E,) L...(disjoint union)

~u(himE,)=u(E))+u(E, \E))+u(E;\E,)+...
=lim[u(E,) +u(E,\E) +...+u(E, \E,,)]
=limu(E,).

(7)E,ea & E, 1. u(EnO)<oo for some ny = limu(E,) =u(limE,).

Pf: 1
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Consider Eno as universal set
“E\E, T, ea (forn>n,)
6)= Iimu(Eno \E,) :u(knJ(Eno \E,))
| |
Iim(u(EnO)—u(En)) U(Eno\QEn)

|
U(E )~ U(~E,)
= limu(E,) =u(~E,)
n
Note: U(En0)<°° essential (cf. Ex.1.2.6)
(8 E, ca= u(lim E,) <lim u(E,).
|

Pf:u(U nE,)=lim u(~E,) <lim u(g).

k=1n=k k n=k k

=ln=

Note: This says E + u(E) is lower semiconti.

9) E, ea, U(UE,)<o=u(limE,)>lim u(E,).

Pf: u(~ OE,) = lim u(UE,) = lim U(E,).
k=1ln=k k n=k k
by (7) & u(E, )<,
n=1L

Note: E > u(E) is upper semiconti. if u finite.
(10) E, € a, lim E,, exists & u(UE,)<wo = u(limE,)=limu(E,).
n
(i.e., u is conti. if u finite @ — [0,0])

Pf. limu(E,) <u(lim E,) =u(lim E,) < limu(E,) < lim u(E, )
= u(limE,)=limu(Eg, ).

Homework: Ex.1.25&1.2.6

Sec.1.3. Outer Measure
Motivation: Constructing Lebesgue measure;

X convering sets by union of intervals & taking inf. = gives outer measure.
Then measure.
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Def.u”: p(X) > [0,oo] is outer mesaure if
(1) u™(4)=0;
(2) u” countably subadditive;
(3)E,Fep(X), ECcF=Uu"(E)<u (F).

E A

Outer measure — measure
Def. u” outer measure on p(X), E € p(X)
E isu -measurable if u"(A) =u"(ANE)+u"(A\E) VAc X
(" <™ always true)



