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Lma 3 u, u o-finite measures on (X, «), (Y, ), resp.
Then X xY =Xy x Yy, {Xpx Yy} disjoint, X, e @, Yy, € B, u(Xp) < oo, u(Yy) <0
n

P - X =UXy, { X} disjoint, X, e @, u(X) <o
n
Y =Yy, {Ym}disjoint, Y € B, 1Y) <o
m

= XxY = U XpxYp, {XpxYy} disjoint

n,m

<
S\

Def. M < 2% is monotone class if {E,} =M, E, T or {=IimE, eM
n

Lma 4. R monotone class & ring = o-ring
Pf: Let {E } =R
Then UEn = E]_U(Elu Ez)U(Elu E2 U E3)U eR
n

Def. K < 2%
Mg (K)=nL , L monotone class & L o K

Note: (1) 2% is a monotone class containing K
(2) The intersection of monotone classes is a monotone class
(3) If L monotone class & L o K, then L o Mg (K)
= Mg(K) the smallest monotone class containing K
or the monotone class generated by K

Lma5.M oR, = M oS(R)

T )y
monotone ring o-ring generated by R
Note: If M =R, then conclusion follows from Lma 4.
Pf of Lma 5.

Let Mg = Mg (R)
Check: Mgy o-ring (Mg o-ring> R=M oMy 2 S(R))
Check: Mg ring (Lma4= Mg o-ring)
Check: E,F e My = E\F, F\E, EUF e M,
VF c Mg, letKg ={EeMg:E\F, F\E, EUF e Mg}
Check: F e Mg = Mg < K
Properties:
(1) EeKg & FeKg
(2) Kg monotone class
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Reason: E, T inKg < E,\F, F\E,, E,UF e M,
Check: UEn € KF L (UEn)\F, F \(UEn), (UEn)UF € MO
n n n n

Check:(a) (UE,)\F
n

I
U(En \VF) e Mg
n

(b) F\(UER)
|
~(F\Ep) e Mg
(©) (UEy) VF =U(Ep wF) e Mg
n n

Similarly for E, ¢

Check: F e Mg = R < K (" Kg monotone class)
Check: FeMy,E€eR=>E K
0
FeKg
\

““EeR=Kg 2R
= Kg 2 Mg (" Kg monotone class)

Def. D = 2%, Ac X,
DNA={DNA: DeD)

Lma6. S(D)NA=S(DnA)
T 1
o-ring o-ring
Pf. "™
S(D)NADDNA
S(P)nAisao-ring
=S(@PD)NASS(DNA)

LetK ={BU(C\A):BeS(DNA), CeS(D)}
T |
disjoint 2A
Then(l) K29
Reason:De®P=D=(DnA)uU(D\A)
eS(PnA) €S(?)
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(2)K o-ring
(i) dU(H\A) K
(IN[B W (CL\ AN By U(Co \ A)]= (B \ By) W ((C\Cp)\A) e K
eS@Dn A) €S(D)
(iii)knJ(Bn U (Cp \A)):(knJBn) U ((kn)Cn)\A) eK

eS(DNA) €S(D)
= K oS(?)
=>KnNn Ao>S(@D)nA
I
S(Pn A

X
A
B C



