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Class 31
Thm. (X, a, u),(Y, B, u) o-finite measure spaces.
Ecaxp
Let f(x) = u(Ey) forxe X : X —[0,x]
g(y)=u(EY) foryeY : Y —[0,]
Thenf,g meas. & [ fdu=[gdu <« iterated integrals
Note: Special case of Tonelli's Thm:h = yg, f(x) = [y g (x,-)du, g(y) =[x xe (- y)du
Pf:Note: EcaxfB=E, cf, EY ca (Lmal)
Let D ={E e a x S assertions true}
Check: ax D

(i) Let Ae o, B e g with u(A), u(B) <o

Check:
f(x>=u«AxB>x)={

Similarly, g(y) =u(A) xg
= f,g meas.
& fdu = u(B)u(A) =[gdu
(i) Fix E = AxB e a x 8 with u(A), u(B)<o®
LetDg ={De®D:Dc E}

u(B) ifxeA=pu(B)ya
w(@g)=0 ifx¢A

|Then D monotone class|

LetE, T, E,cE, E, €D
Check: F = UE,, €9
n

Pf. v E, TF
= Ene TR = (Enx) T ()
I I
0<fy, x) f(x)
 E,eP= f, meas.= f meas.

MCT = | fodu T [ fdu
Similarly for [g,du T [gdu
— [ fdu =] fdu
ie,FeD
Similarly for E, 4 (need:u(A), u(B) < )
(iiii) E = Ax B € a x £ with u(A), u(B) <
Check:
LetDE:{De.‘D:DgE}g.’D ....... @)
()= Dg 2{AxBeaxp, AxBc E} — rectangles true
(if) = Dg monotone class

Fe :{knJAiXBi Z{A-xBi}gaxﬂdisjoint&A-xBi gE}
i=1
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0) {En} disjc 9= _E, P
n

Pf: = £(X) = (UER)x) = u(U(Eny)) = X 1(Eny) = X fr(X) meas.
n n n n

Similarly for g

Moreover, % T fMCTY) T [f &forg=[f=]g
i=1 = i
= Dg o Fg (" disjoint union)  — ring true
Lma 2.= Fg ring
Lma5.= Dg D S(FE)- v (b) — o-ring true

Leth{AxB:Aea, BE,B}
~KNnEcFg
= S(KNE)c S(Fg)
|| Lma6
S(K)nE
|| Def of ax f

@), (b) &)= (axp)NEcD — a x [ restricted to E true

(iv) Check: ax P
Let Feaxp

Lma3=F c 3 Ay xByi {AyxBp} < ax B, disjoint & u(A,), 1(B,) <
n=1

(iii) = F A (A, xB,) € D
= U[F N (AyxBy)] €D (- disjoint union = apply (0))

I
F

Thm. (X, a,u),(Y, 8, 1) o-finite, Then
XxY,axp

(DA(E) =] u(E,)du = Ju(EY)dpu forEecaxp: axf—[0,]
is a o-finite measure
(2)A(AxB)=u(A)-u(B) VAxBeaxp
(3)4 is the unique measure satisfying (2)
Meaning: define u x u if integration vertically & horizontally give same answer
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Notation: A =ux u
Pf: (1)(1)A (¢) = [ u(gy)du = [ u(g)du =0
(i) A(UEj) = | 1((UEj)x)du for disjoint {Ej} cax B

= u(UEjy)du
=2 u(Ejx)du
=2 [ u(Ejx)du (MCT)
=2 A(E)
= A measure
(2) A(AxB) = [ u((AxB)y)du
= [ u(B) ypdu
= u(B)u(A)
(1)~ X = UA, U(A) <o, disjoint
|
Y =UBj, u(Bj) <, disjoint
j
= X xY =U(A xBj), A(A xB}) =U(A)- u(B}) <0 = A o-finite
i j
(3) Let 2 be a measure > A(AxB)=u(A)- u(B) VAxBcaxp
Check:A =1

B
n En
! | > X
| A
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X xY =UE,, {Ep}caxp, disjoint, Ey = Ayx By, u(Ay), u(Bp) <o
n

Let D, = {E e (axB)NEy: A(E) =Z(E)}
Then D,, monotone class

Reason: G, € D, Tor{
= A(limGp) =lim A(G,) = lim A(G,) = A(limGp)
m m m m

= A(Gm), A(Gp) <0 ¥m

same as proof of
preceding thm K={AxBeax}p|

..Dp 2KNE, (Reason = {rectanglesin E,} & 1 =1 on rectangles)
= Dy, 2 {finite disjoint unions from K N E,, } = F¢_: ring
Lma5= D, 5S(Fe ) 2S(KNEy) =S(K)NEy = (ax f)NE,
~VFeaxp, F=UE,NnF)
n

= AF) =S AE, "F) =Y A(E, "F) = A(F)

Note: [ z(Ey)du = [u(EY)d g if u, u not o-finite
Ex: X =Y =[0,1]
a = 3 = {Lebesgue measurable subsets of [0,1]}
u = Lebesgue measure (finite)
4 = counting measure (not o-finite)
Let E={(x,y) e X xY :x =y}
Then E e ax S (. E = intersection of small squares)
[ #(Ey)du = [ u({x})du =[1du =1

[u(EY)dp=Ju({y})du=J0du=0
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