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Class 32
Note: (R", L, (dx)") o-finite
(RS, L, (')
= (R"xRK, L"x LK, (dx)" x (dx)¥)
I
(Rn+k, Ln+k’(dx)n+k)

Then (1) {Borel sets in R”*k}c LM x LK o LK

* *

(Ex.2.15.4) (Ex.2.15.5)
(2) (dx)”+k|{BoreI setsin R””‘}, (d%)" x (dx)¥,(dx)™* agree on common domains (Ex.2.15.6)

3) (dx)n+k is the completion of (dx)" x (dx)k. (i.e., u,z complete = u x u complete)
(Ex.2.15.7)
Homework: Ex.2.15.2, 2.15.4, 2.15.5, 2.15.8

Sec. 2.16. Fubini’s Thm

Assume (X xY, ax 8, ux u) o-finite

h: XxY —[—0,0], xe X

Def. hy (y)=h(x,y): Y —[-o, o]
x-section of h

Similarly, y-section of h: hY
Lma. h meas. on (X xY, ax 3, Ux i)
= h,, hY meas.onY, X, resp. Vxe X, yeY
Pf: Check: hy l(O) e Vopen O e R’
||
{zeY h(2) €O}
I
{zeY :h(x,z) €O}
I
{z eY:(x,2)e h—l(O)}
I
h(0)x € (- (0) eaxp)
(ie., h'(0)=h"(0)y)
Also, b ! ({oo}), i ({=o0}) € 8
I
({0} )



R R i R

Tonelli's Thm: (X, «,u), (Y, B,u) o-finite
h: X xY —[0,0] meas. on X xY
Then (1) f (x) =[h,dz meas. on X;
(2) g(y)=[hYdu meas.onY;
(3) [hd (ux ) = [(fh¥du)d z = [ (J hyd 2)du ( < o0; may not be integrable)

g f
(double integral) (iterated integrals)

Pf: (@) h= yg forsome Ecax f
Thenf(X)=[(xg)xdu= fZEX dx =u(Ey) meas. (by Thm. in preceding section)

g(y) =u(EY) meas.
& [gdyu=]fdu (by Thm)
= (ux u)(E) (by def)
= [hd (ux 1)
(b) h>0, simple meas.
Then, by linearity.
() h>0, meas.
Let0<h, T h, h, simple meas.
MCT = [h,d(ux ) T [hd(ux )
~0<hy, Thy
MCT = [hy,du T [hdu
Il |
0< (%) f(x)
= f meas,, i.e., (1) holds.
MCT = [ f,du T [ fdu
Similarly for g : (2) holds & [gndu T [gd
(b) = (3) holds



