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Class 33
Fubini's Thm
h: X xY — R integrable
Then (1) hy, integrable on'Y for almost all X;
(2) hY integrable on X for almost all y;
(3) f (x) = [h,d i integrable on X, g(y) = [hYdu integrable on Y;
(4) [hd(ux u)=[[hdud &= [[hdud z (<)

Pf:Leth=h"—h~
.. May assume h > 0, integrable
Tonelli's = [hd(ux x)=[gdu= | fdu <o (i.e., (4))
= f,g integrable (i.c., (3))
= f,g finite a.c.
Il
[ hyd
i.e., hy integrable for almost all X (i.e., (1))

Note: Difficult to obtain ux g = diffi. to determine the integrability of h
Combination of Tonelli & Fubini:

Cor.1. h: X xY —[—o0,0] measurable

ﬂ|h|dud,u <0 or ﬂ|h|d,udu <00

Then h integrable on X xY ( = Preceding Thm applicable)

Pf: Tonelli's for |h| = [|hjd(ux ) = [f|h|dud z = [[|h|d zdu < o0

1.e.,

h| integrable

= h integrable

Special cases:
LetX =Y ={1,2,3,..}
U = x4 = counting mea.
Then ax 8 =2%*Y  ux u = counting measure (- VE eax B, E= U {G, )
(i,))eE
(Dh: X xY —[0,], i.e., 8y, =0
(m,n) = amn

=22 8nn =22 amn
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({amn} > X X[amn|< o0 or X[amn|< o0
mn nm
=>22amp =22 amn
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Note 1. h >0 in Tonelli's & h integrable in Fubini's are essential
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(cf. Ex.2.16.3)
2. u,u o-finite essential (Example as given before)
Ex. Leth= yg, where E={(x,y)e X xY : x=y}
Cor.2.Ecaxp

Then (Ux )(E)=0< u(EY)=0 fora.a.y
< u(Ey) =0 fora.a.x
Pf: (uxu)(E)=0
[
< [u(Ey)du=0
< u(Ey)=0 aa.x
Homework: Ex.2.16.1~3
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Chap. 3. Metric spaces
Sec. 3.1 Topological spaces & metric spaces
Motivation:
Topological concepts: 20" century
Classical analysis: functions, limits
Modern analysis: spaces of functions
Motivation for topology:

Convergence—nbd—open sets—topology

X set
K c 2%

Def: (X,K) topological space if
(1) ¢, X eK;

@A, A eK= AA eK;
i=1

B3)A, eK = UA, €K

Def: open, closed sets
Def: (X, K) Hausdorff space if
VxzyeX,IABeK > AnB=¢& XA yeB.
Ex1.(X, {¢,X}) not Hausdorff if # X > 2 (indiscrete topology)
Ex2. ({0,1}, {¢,{0}, {0,1}}) not Hausdorff (Sierpinski space)
Def: (X, K) normal space if
(1) Hausdorff;
2Q)VENF=¢, E,F closed >3ABeK >5AnB=¢ & EcCcA FcB
Def: neighborhood, closure, interior, subspace, compact, dense subset, nowhere dense,

separable (countable dense subset), convergence (Y = X) (intY = ¢)

Def: Y < X sequentially compact ifV{yn} cy, H{ynk }, yeY > Yn, =Y

Note: In metric spaces, the following are equvalent: (cf. Thm. 3.5.4)
(1) Y sequentially compact;
(2) Y has Bolzano-Weierstrass property;
(3) Y compact;



