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Class 34
(X, p) metric space

LetK:{Ag X VxeA EINXgA}

Then (X, K) topological space
Note: (X, K) normal space
Def: (X, p) is complete if Cauchy sequence converges
Note: (X, p) complete

ThenY < X is complete < Y closed

Ex. 1. (R", p)
1

plx y)z(_%(xi — )22 X = (4 X )y Y = (Yo Vi)

Then complete, separable metric space
(advanced calculus) (.- pts with rational components)

Ex. 2. (% :{(xl,xz,...):sup|xn| <oo}
n
p(X,y) =sup|Xy — Y| iFx=04,%,.) , Y= (Y1, Y20--)
n

Then complete, metric space, not separable (large)
(Sec. 3.2) (Ex.3.1.7)
(Note. #{(xq,Xp,...)} :SUPp [Xp| < o0, X, rational =Ny )

Ex. 3. (P :{(xl,xz,...), 3 |%n|” <oo} (1< p <)
n

1
P y)=(§l|xn Y PYP X = (%, %p,) L Y = (Y, Voo
n=

Then complete, separable, metric space
(Sec. 3.2) (Ex.3.2.4) {(Xq,....Xn,0,...): % rational}

Ex. 4. c:{(xl,xz,...): lim x, exists.}gfOO
nN—o0

Y

—>»00

Co :{(xl,xz,...) ; nIim Xn :0}

Then complete, separable metric spaces (small) under || ||,
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Ex. 5.8 ={(x,%y,...)}

1 |Xn_yn|
x,y)=y — 1“0l
pLY) n=12" 1+|Xn - Yn|

Then xX™ = x in p < x(™ 5 x componentwise (Ex.3.1.4)
Then complete, separable metric space
(Ex.3.1.5) (Ex.3.1.6) (check)

Ex. 6. C[a,b]={f :[a,b] > R or C conti.}

p(f,9)= sup |[f(t)—g(t)
tefa,b]

Then complete, separable metric space
(Ex.3.1.5) (.- Weierstrass Thm = polynomials are dense in C[a,b]
.. Consider polynomials with rational coeffi.)

(X, p), (X, p) metrics
Def: p~p if 3o, >0 >ap(x,y) < p(x )< Bo(xy) ¥x yeX
Note: 1. "~" equivalence relation

2.p~,8:>p,/3 induce the same topology
&=

(Ex.3.1.2)
Pf: Let A be open w.r.t. p
S VXxe A ANy c A
Il
{yeX:p(xy) <6}
Y

A )
X , —
{ye p(x y)<ﬂ}

= A open w.r.t. ,B
3. p~p
Then (1) x, = X in p < X, > X in,zA)
(2) {xn} Cauchyin p < {x,}Cauchy in P

(3) (X, p) complete < (X, ,B) complete
Reason: by (1) & (2)

Note: In general, X, — X in p < X, > X in p

- p~p (cf. Ex.3.1.2)
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i.e., equiv. metric — same convergence
&=

equiv. metric — same topology
&

Ex. R"
1

0 1
Pp (X% Y) = (2| - yi|p) P metric for p >1 (by Minkowski's <)
i=1

p(x,y) =sup|x - yi]
Then Pp: /A) are equiv.

1
Reason: p(X, y) < pp(xy)<nP (X, y) ¥x,yeR"

Spp~p Vp21
Ex. 7. (X1,00)s---(Xm, o) Metric spaces
(X1 x...x X,02) product metric space
1

p(x, y)=_§1pi(xi,yi> X = O Xen) ¥ = (Y Vi) OF (S 106, 0)P) P (p2D)

or max i (X i)
|

Then all are equiv.

Ex. 8. (X, pn), n=1,2,...., metric spaces
(X1 x X9 x...,p) product metric space
D g Xn s
plxy)= 3 — Pn(%n: Yn)
n=12" 1+ 01 (Xn, Yn)
Note 1. Ex. 5. is a special case.

Note 2. (X, p) metric = (X,0) metric, where 5(X, Y) :M & (%, ¥) <1 vx,ye X
1+ p(x,y)

(cf. Ex. 3.1.1)
Note 3. p,o induce same topology, but p + & (cf. Ex. 3.1.2)

Homework: Sec. 3.1, Ex. 3.1.1, Ex. 3.1.2, Ex.3.1.7, Ex. 3.1.11



