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Sec. 3.2.   spaces

     ( , , ) measure space, 1

Def: ( , ) : [ , ],  meas.,  

  ( )   for   ( , )

Def: ( ,  ) : [ , ],  meas.,  essentially bdd on 
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Holder's :
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      ,   and 

Note: For 2,  Cauchy-Schwarz : ( , ) ;  if 0 1, then 0.

Pf: (1) 1,  :
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" " for a.a. , either ( ) 0 or ( )

      (2) ,  1: Similarly as (1)

      (3) 1 ,  1 :
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Morever, for 1

              " "  iff  a.e. for some 0  or 0 a.e. or 0 a.e.p q
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If 0, then 0 a.e. 0 a.e.  conclusion trivial

Similarly for 0

Assume 0

  for , 0 (Trivial for 2); Note:" "  iff 

                            (Young's  ;  cf. Royden
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, p.123, Ex.8)
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Minkowski's 

   1 ,  ,   & 

Moreover, " "  0 a.e., 0 a.e., or  a.e. for some 0 (cf. Ex.3.2.7) (for 1 )

Pf: (1) 1:
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( ) ( )  (Holder's )
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Note: False for  0 1

         Ex. 1, 2 ,  ( ),  counting meas.

(1) 1,  (2) 0
              

(1) 0,  (2) 1
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For  ,  (1 ), define ( , ) ( )

(1) ( , ) 0

(2) ( , ) 0  a.e.   not metric

(3) ( , ) ( , )

(4) ( , ) ( , ) ( , )

    (Minkowski's for  1 )
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In  ,   define ~   if   a.e.

Then "~" equivalence relation

Let  denote the equiv. class containing 

( , )  :  ( , )

For simplicity,  written as 
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Def: ,   ( , )

       ( , ) 

Then ( , ) metric space if 1

Note: In general,  ( , ) not metric space for 0 1 (Ex.3.2.5)
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