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Class 35

Sec. 3.2. LP spaces
(X,a,u) measure space, p>1

Def Lp(X,u):{f X — [~o0,0], meas., || [P du <oo}
1
[ £],=0If[°du)P for felP(X,u)
Def: L (X, u)={f : X —[-o0,0], meas., f essentially bdd on X }
| ], =ess. sup.|f| for feLl™(X, u)
Holder's <:

1< p, g< oo, l+1:1
P q

felP,gel9= f.-geland ||1‘g||1£||f|||0-||g||q
Note: For p =g = 2, Cauchy-Schwarz <:|(x, y)| <[], -|y|,: if 0< p <1, then g <0.
Pf: () p=1 g=:
=1l =1ltel<llolL. - f1f1=lgll. -1 71y
Note: " ="« for a.a. x, either f (x) =0 or |g(x)| =|g|
(2) p=o, g =1 Similarly as (1)
B)l<p<om, 1<q<oo:

Morever, for 1< p <o

"="iff | f|P =c|g| ae.forsomec>0 org=0ae. orf =0ae.

If | f ||p =0,thenf =0ae. = fg=0a.e. .. conclusion trivial
Similarly for ||g||q =0
- Assume ||f||p -||g||q >0

p

q
cab<® 2D for a,b >0 (Trivial for p=q = 2); Note:"=" iffaP =bH
P q

(Young's < ; cf. Royden, p.123, Ex.8)

Pf. of Young's <:

Y4 ~y=x""
Az/
0 X
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p
A= =S

_ b
Ay =Iqu 1dy=7

.'.A\]_+A228.'b
Also, "="<=aPl-p=aP —ab=h"
Leta= |f| , b= |g|
I, lel,
| fgl 1 |f|p +1|g|q 1 :|fg|eLl

Tl Mol Io||f||p ol

4= =1
Sk |pW T To ||q” o =5"g

P g
= | fg|, < ||f|| ||g|| ||p %ae <:>|f|'°:c-|g|q a.e. for some ¢ >0
[ e
org=0a.e.
orf =0a.e.

Minkowski's <
l<p<ow f,gelP=f+gelP &|f +g||p §||f||p+||g||q

Moreover, "="«< f =0ae.,g=0a.e., orf =cg a.e. for some ¢ >0 (cf. Ex.3.2.7) (for 1< p < )
Pf: (1) p=1: 4

Then [|f +g|<][f|+|g|=]|f|+[|g|
be. [T+l <[t +[ol
Note: "="<|f +g|=|f|+|g| a.e.< fg>0ae.

(2) p=oo:
ess. sup.| f +g|<ess. sup.(|f|+|g|) <ess. sup.|f|+ess. sup.|g|
e, [f+al, <[], +lgl..

B)l<p<oo:

@[f)P if |f|=]|g]

(2lgh® if [f[<]g]

=|f+g|" <2P|f|P+2P]|g|P

w|f+g|P < (f]+]g)P <

:>f+geLp
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[t +glp=1]f+g|°
I
J|f+g|f+g”™

v

A\ ["="e fg>0ae. &forsome ¢, ¢p >0 ¢|g|P =| F +g[(P D=, | [P ae.

JIE[1f P+ flgl | +ofP

1 1
<[l £, -l + 9l PV a+ g (1] f +gfPPNa (Holders <)

I
1

(|f+g|Pa
P P
_ . q : q
=I5, IF +alg + flal,-IF +allg

p
=1, el + ol
o P
=[f+gly T <[], +lal,
I
I+,

Note: False for 0< p<1
Ex. X ={1,2}, a=%(X), u=counting meas.
{f(l)zl, f(2)=0

91 =0,9(2)=1
1

[t +alp =27 >l +[ol, =1+1=2

1
For f,geLP (1< p<co), define p(f,9) =[[f —g| ) =(J|f —g|")P
() p(f,9)=0
(2) p(f,9)=0«< f =g a.e. « p not metric
@) p(f,9)=p(g,f)

) p(f.9)<p(f,h)+p(h,g)
(Minkowski's < for 1< p <o)
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In LP, definef ~¢g if f =g ae.
Then "~" equivalence relation

Let f denote the equiv. class containing f
Lp(x,u)z{T  f e Lp(x,u)}
For simplicity, f written as f
Def: f, ge LP(X,u)
p(F.9) =[t -],
Then (LP, p) metric space if 1< p < oo
Note: In general, (LP, p) not metric space for 0< p <1 (Ex.3.2.5)



