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Real Analysis (11)
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A. Friedman, Foundations of modern analysis (1970).
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Class 36
(X,a,u) measure space, 1< p<o
LP(X,u) = {f : X = R measurable: [, |f |p du < oo} metric space under p
1
p(F,9)=(y|f-g|Pdu)P if1< p<oo; p(f,g)=ess. sup|f —g| if p=oo
Thm: (LP(X,u), p) complete metric space for 1< p <o
(Riesz-Fisher, 1907)
Pf. (1) 1< p<w:
Note: For p =1, proved in Thm 2.8.3
Let { f,} = LP be Cauchy in ””p

Modify Lma 2.5.2 = Cauchy in measure

Ve>0, let Epp={xeX: |f(x)- fm(X)|28}={XE X | () = fn(x)|° 25'0}
2| fy = f|® integrable
3U(En'm)<oo
Also, o= f|® 2P ze, = 1[0 fn|® 26 Pu(Eq )

2
0

Thm2.43= Jmeas.f > f, — f ae.
(i) Check: f e LP
-.-‘fnk‘p—>|f|p a.e.
<. Fatou's Lma = [| f|" sli_mj‘fnk ‘p <sup||f,|? <o
k n
Reason: Ve >0,3IN > ||fn—fN||p<gVn2N
.'.||fn||ID <|fn- fN”p +||fN||p vn>N
Sg+||fN||ID
= felP
(ii) Check: f, — f in ||||p

ie, f, - f ae & {f,} Cauchyin ””p = f, —> f in ||||p
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(2 p=co:
Let { f,} = L™ be Cauchy in ||||oO
00— fn (O] <[ fr = ], ae.
A\ for mn>N
&
= {f,(x)} Cauchy fora.a.xe X
s () > f(x) ae.
For fixed n> N,
letm — o0
=|fa()-f(x)|<e ae for n>N
=|f—f] <e

In parti, | ()] <|fN OO+]F ) -y ()| < | x|, +¢ ae.

e, fel” & fy>f inff_

History: Riesz: L2 0,2) ~ ¢2: Fisher: L2 (0,1) complete
(March 18,1907) (March 5,1907)
Special cases
X={12,..}
a=2%
u = counting measure
Thenf =g ae. & f=g
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Lp(X,u)Ip{(xl,xz,...): Y |Xnl <oo}
n=1

p) 1
.'.||(X1'X2"“)”p: [nz_:l|xn| J p

Homework: Ex. 3.2.5, 3.2.6

Sec. 3.3 Completion of metric spaces
(X, p), (Y, &) metric spaces.
Def. f: X =Y isisometric if 5(f (x), f(y)) = p(X,y) VX,y € X
Note: f isometric= f 1-1 & conti.
Def. f : X —>Y isomorphism if f isometric & onto. <« metric same.

Def. f : X —Y homeomorphism if f is 1-1, onto, conti. &f 1 conti. « top same.
Note: (X, p), (Y, o) isomorphic

=X, Y homeomorphic
&+

Ex. R with p(x,y) = |X— y |
(-L1,2) with 5(x,y) =[x -y |

Thenf(x) = 1 X > homeo. from[] onto (—1,1)
1+|x|

But R complete & (—1,1) not



