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Class 38 

n

Sec.3.4. Complete metric spaces

             Advanced Calculus: Cantor intersection theorem
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Note2. ( , ) metric space
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 
Thm. ( ,  )  complete metric space

          closed, ,  ( ) 0

Note: If only assume  bdd but  ( ) 0 , then  may be  (Ex. 3.4.3 & 3.4.4)
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Uniqueness:

   Let , ,  

   Then ( , ) ( ) 0 as 
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Baire Theory:

Def: ( ,  ) metric space
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Note: Measurement of smallness of sets:

         (1) set-theoretical: small cardinal no.

         (2) measure-theoretical: null set

         (3) top-theoretical: 1st category
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Ex1. A set with large cardinality but small measure:

        Cantor set: cardinal number , but Lebesgue measure 0, nowhere dense & 1st category
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        (cf: B. Gelbaum: p.129, Prob. 236)
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Ex2. R of 2nd category in R  (next thm)

      R R

      Then   is nowhere  1st category in R  (cf. Ex. 3.4.5)

     (Baire,1899)

Thm. ( ,  ) complete metric space

          2nd category in 

Pf: As

Y

Y

Y Y

X

X X





 





 
0

0 0

sume , where  nowhere dense 

     Let 

     Consider ( ,1) :  ( , ) 1

n n
n

X X X n

x X

B x x X x x

 



  

 



實變函數論─應用數學系  吳培元老師 

  3

1

10

1 11 0 0

11 1 0 1

2

21 1

2 22 1 1 1 1

(1) Int 

      ( ,1)

       Let  ( ,1) \ ( ,1)   open

1
       ( , ) ( ,1)  &  

2

(2) Int 

      ( , )

      Let  ( , ) \ ( , )  open

c

c

c

X

B x X

x B x X B x X

B x r B x X r

X

B x r X

x B x r X B x r X







 

  

    



 

  





22 2 1 1 2
1

       ( , ) ( , )  &      
3

                  

      ( , )   ( , )  &  0,  ( , )   

By preceding thm,  ( , ) 

                               

    

c

c
nn n n n n n n

c
nn n

n n

n

B x r B x r X r

B x r B x r r B x r X n

x B x r X

x X n



    

       

   

  



                                  n
n

x X   

 

 

   

Ex: irrational no's R
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