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Class 38
Sec.3.4. Complete metric spaces
Advanced Calculus: Cantor intersection theorem

¢#F, compact, cR", Fyi=~F, #4¢
n

Notel. False if F, not comapct

ExL F, = (0.5) c R = ~F, = ¢
n n

Ex.2. Fy = [o,%] cR=~F, ={0}
n

Note2. (X, p) metric space
¢ # F, ¥ compact
=>nF, %0

n

Pf: Let x, € F,
Then {x,} < F compact
F, sequentially compact
=3 Xy, 2 Xy X in Ry

{xnk ; Xﬂk+1,---} - X
a
Fy, closed vk
= xe bk, Vk

= Xxek, Vn

Thm. (X, p) complete metric space
¢ = F, = X closed, Fy ¥, d(F,) > 0= AF, ={x}
n

Note: If only assume F, bdd but d(F,) - 0, then ~F, may be ¢ (Ex. 3.4.3 & 3.4.4)
n

Pf: Existence:
Let x, e K,
“ p(Xn, Xm) <d(F,) >0 if m>n large
~{Xn} Cauchy sequence
=3IxeX 3 X, > X
ek,
=>xeF, VN ({X Xngtod = X)

=Xenk, |
n

Fn
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Uniqueness:
Letx,yenF, = X,yek, vn
n

Then p(x,y)<d(F,) >0asn— o
S p(Xy)=0 =>x=y

Baire Theory:
Def: (X, p) metric space
Y < X of first Baire category in X if Y < UX,,, where X,, nowhere dense in X
n

(Int X, =¢)
Y < X of 2nd Baire category if not of 1st category
Note: Measurement of smallness of sets:
(1) set-theoretical: small cardinal no.
(2) measure-theoretical: null set
(3) top-theoretical: 1st category
Ex1. A set with large cardinality but small measure:

Cantor set: cardinal number =X, but Lebesgue measure = 0, nowhere dense & 1st category

1 1
W on+k’ fnet on+k

Let 1y =(ry ), where {r, } rational numbers in [0,1], n,k >1

Then I= AUln K is 2nd category, but Lebesgue measure =0
kn

(cf: B. Gelbaum: p.129, Prob. 236)

Ex2.Y =R of 2nd category in R (next thm)
Y =R cR?
Then Y isnowhere = Y 1st category in R? (cf. Ex. 3.4.5)
(Baire,1899)

Thm. (X, p) complete metric space

= X 2nd category-in X
Pf: Assume X =X}, where X, nowhere dense Vn
n

Letxy € X
Consider B(xp,1) ={x e X : p(x,X) <1}
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(1) It X1=¢
= B(Xg,1) ¢ X1
Let X € B(X0,1)\ X1 =B(x9,1) " X1 open
= 3B(x,h)C B(xo,l)mff & r1<%
2) Int X2=¢
= B(x,1) € X2
Let X, € B(x, 1)\ X2 =B(x, rl)mfg open

=4 B(Xz,l’z)g B(Xl,rl)mf(z: & D) <%

= 3B(Xy, 1) 3 ##B(xpily) ¥ & 1 >0, BX,,I) < Xn vn

By preceding thm, 3 x € ~B(X, 1) < ~Xn
n n

S éYn Yn

= Xe¢UuXn >
n

Ex: Y = {irrational no's} c R
Then'Y 2nd category in R
Reason: If Y. first category, then R={rational } U {irrational} of 1st category —<
Note: X 2nd category
Y < X 1st category
= X \Y 2nd category



