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Class 39

Morel: Use topology to study analysis
Application:
X complete metric space

X=0uUVY,, Y, closed = IntY, #¢ forsomen
n

Ex: f :[0,0) > R conti. & Va=>0, f(ha) > 0asn— o« (pointwise condi.)
Thenf(x) >0 as x > o
Pf:Fix e >0

f(n ) (e e)

D8

LetYy ={a>0: |f(na)<eVn=N} =

n=N

e T ]

)

0 @ B Na Nﬂ(N+1)a(|\|JJ,1),3

Then [0,:0) = Yy & Yy closed
N

"+ [0,0) complete metric space = 2nd category
=3N > IntYy #¢

s AlafleYy (@< p)

.'.|f(x)|£g vx e[Nea,NBIU(N +Dea, (N+1) f]w...(local condi.)
1
-a
=S>(N+k+D)S=(N+K)B+pS>(N+K)f+a>(N+k+Da+«a
=(N+k+2)« etc.
Then | f(x)| <& VXe[(N +k)a, ), i.e., lim f(x)=0 (global condi.)
X-—>0

Letk be 5 (N+Kk)Z>(N+k+1e, i.e.,k>ﬂ (Ne+a—-Np)

Noted: In (C[a,b],||{|., ). the set of continuous nowhere differentiable functions

is of 2nd category
i.e., Brownian motions are more typical
(A. Einstein, N. Wiener)

2. In C™[a, b] with some metric, the set of nowhere analytic functions is of 2nd category
Def: f € C*[a,b] is analytic at X, €[a,b] if Inbd N of x5 > f(x)= ¥ a,(x—x,)" on N
n=0
(cf: J. Dugundji, Topology, pp.300-302)
More precisely, the complements of the sets in (1) & (2) are of 1st category
Homework: Ex. 3.4.3, 3.4.4

1
T2 . y
Ex.f(x)=4e X ifx=0
0 ifx=0 MN\}W:
i .
Then f e C®(—o0,00). But f not analytic at 0 0‘ 8 b X

Ex: Letf :[0,1] > U conti., fy = f and fn(x)=j(’)( fr_p(t)dt ¥n>1
vxe[0,1], 3n>0 > f,(x)=0. Then f =0 on [0,1]
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Sec. 3.5 Compact metric spaces
Review:
(1) Y < X (top. space) is compact if every open covering has a finite subcovering
(2) Y < X (metric space) is sequentially compact if v{ xn} cY, 3 Xpy 1+ X eY > X, = X
Thm (X, p) metric space
K < X is sequentially compact
= K is closed, bdd & separable
Pf. (1) K is closed:

Let {X,} = K, Xy > Xxe X

Check: xe K

w3y, DY € K (.- K sequentially compact)
Butx, — X
=x=YyeK

(2) K ishdd: (i.e., X, yeK, sup o(X,y) <)

Assume K not bdd

vn, 3%y, ¥n€ K 3 p(X, Yp) 2N

Fixze X

5 p(Xna2) + (2, Yn) 2 p(Xns Yn) 20
n n
3/D(Xnvz)ZE OrP(Z,Yn)ZE
.‘.EI{Xn}gK 3> p(Xp,Z) >0 asn— o
=3 Xy, € K > X, —>X€ K (- K sequentially compact)

But p(xn, . X)+ p(X,2) 2 p(Xq, ,2)

1 J
0 W
Note: This also shows: Vz.e X,K < X sequentially compact = sup p(z;x) <o

xeK
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(3) K is separable

Let €K
Let d; = sup p(xg,X) <
xeK

Letx, e K 3 p(Xq, %) 2d—21

construction :< Let d, = sup min{p(x,x), p(X2,X)} < o
xeK

Letxs € K 5 min{p(x, X3), p(X2,X3)} 2%2

Let d3 = sup min{p(x,X), p(X2,X), p(X3,X) } < o
xeK

d3
2

Letxg €K > min{p(xq,Xa), p(X2, Xa), P(X3, Xa)} 2
= X1, X2, X3, Xy 5 -

94

.
0 p(); t() d‘1 —
2 Motivation: Take {x,} separated far

Thend12d22d32...20

If lim d,=0>0,thenanyk< j satisfies,o(xk,xj)zédj_l2g>0

nN—o0
=no subseq. of {x,} is Cauchy
—<—- K sequentially compact

= lim d, =0
nN—o0

Then {x,} densein K
Reason: ¥xg e K, V& >0, 3d, <&= B(Xg,d7) < B(Xg,€)
If X, Xn41 & B(Xg, Ay ),

then p(Xg, %) 2 dy = dy,1 = supmin{p(X, %)} 2dy >d, >«
xeK i

=3 % € B(Xg, i) < B(Xy, &) = K separable
Thm. (X, p) metric space
KcX
Then K compact iff K sequentially compact
Cor. K < X (metric space), compact = bdd, closed, separable
Note: K < X (complete metric space), bdd, closed =% compact
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Ex. X ={1,2,...)

p(%,Y) :{

Then (X, p) complete metric space

1if x-y
0if x=y

K = X closed, bdd, but not compact, nor sequentially compact
(- {B(n,%) ‘ne X} open covering, but no finite subcovering)

~{n}

({1,2,....} has no conv. subseq.)



