Class4

Thm. u”outer measure
Leta= {u*-mesurable subsets}
Then(i) a is o-algebra;

(i) u’|a is measure.
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Ex. X set. (Ex.1.3.2)
Define u*(E):{f il: E:Z forE c X.
Then u” outer measure
a= {¢, X}
ulais > u (¢)=0
u (X)=1.

Pf. of Thm.
(1) gea
Check: U (A) =u"(Ang@)+u (A\g) YAc X
I I
u’(4) u”(A)
I
0

Q)Eca=E‘ca
Check: u"(A)=u"(ANE®)+u"(A\E®)
| |
U(A\E) U (AnE).

3)E,E,ea=E UE, €a.

Check: u”(A) >u" (AN (E, UE,)) +u"(A\(E, UE,))

U ((A\E) NEy))U (ANE)) U ((A\ED\E,).

= E>

‘v

§,\

RHS<U ((A\E)) nE,)+U (ANE) +u"((A\E)\E,)

=u"(A\E) +u"(ANE) (-

‘E, €a)

=u (A). (" E ca)

From Sec.1.1, a is an algebra.
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{Ey } < a, mutually disjoint,
(4)S, = UE,
k=1

S U (ANS,)= S U (ANE,) VA
k=1

Pf: Trivial for n=1.
Assume true for <n.

a o-algebra. U (ANS,,) =Uu ((ANS,;1)NS,)+U (AnS,,)\S,) (S, = O E, €a by (3))
k=1

& —U(ANS,)+U (ANE,.,)

countable

n * * - -
addition = Elu (AnE,)+u (AnE,,;) (byinduction)
n+

= Zlu*(Am E,)
k=1
(5) LetS = UE,. Thenu (AnS)=3u (ANE,) VA
PE."<" U (ANS)=u (AN (UE,)) =u (U(ANE,) < XU (ANE,).
"> U (ANS) 2 U (ANS ) = S U (ANE,) V. (by (4)
k=1
J

YU (ANE,).
k

6)Sea
Pf: Check: u"(A)>u (ANS)+u (A\S). VA
Pf: LHS=u"(ANS,)+u"(A\S,) (+S, €a by(3))

| < (4) \/
S U (ANE, )+ U (A\S).
k=1
Let n— oo J I

YU (ANE,)+u"(A\S)=u" (ANS)+u" (A\S).
n (5)

(N{E,}ca=UE <ca
n
v Pf: Let F1:E1’ FZZEZ\E]-’ F3:E3\(E1UE2),...
Then {F,} < a, disjoint
~UE, =UF, €a by (b)
n n

= a o-algebra.
+U" | a satisfies u”(¢)=0 & countable additivity (letting A=X in (5)) = u" |a measure.

Homework: Ex.1.3.1, 1.3.3 &1.3.6
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Sec.1.4. Constructing outer measure.
X set

K < p(X)
Def. K: sequential covering class if

(1) geK;
(2) VAcC X, EI{En}gK 3 Ac ulEn.
n=

Ex. X =R
K={bdd open intervals} U {¢}
or ={open intervals} U {g}
or ={bdd closed intervals} U {¢}

or ={closed intervals} U {¢}.

Let 1 :K —[0,00] & A(¢)=0

Ex. A (interval)= its length

ForAc X, letu(A) =inf {3 A(E,): E, €K, Ac UE, |: 9(X) —[0,%].
n=1 n

Note: In general, u” may not be extension of A (cf. p.14)
(Reason: u~ monotone, but A may not be)

Thm. u” is an outer measure.
Pf: (1) u”(¢) =0
(2)u"(A)<u’(B) if AcB.
(3) Check: countable subadditivity

Let: {An} c p(X).

Check: U™ (UA,) < T U (A,). a,
n n
) a< an 4#4_07
(- a=infa, < a a
Ve>0 da, > a,<ate ate

Fore>0, H{Eyjc K > A cUEy & TA(Ey)< U*(Aq)+2€—n
k k

A, < UE,
n nk

=U (A< z(En,k)s;(u*(m+2in>s2u*(m+e

Lete >0



