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Thm. outer measure

        Let -mesurable subsets

        Then(i)    is -algebra;

                (ii) |  is measure.
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Ex.  set. (Ex.1.3.2)

0  if  
      Define ( )=   for .

1  if  

      Then   outer measure
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               |  is  ( )=0

                               ( )=1.

X

u E E X
E

u

X

u u

u X








 
 



a

a
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From Sec.1.1, a is an algebra. 

E1 E2

I

II

A



實變函數論─應用數學系 吳培元老師 
 

 2

 

1

* *

1

* * *
+1 +1 +1

1

, mutually disjoint,

(4) 
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      Pf: Trivial for 1.

           Assume true for .
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(5) Let . Then ( ) ( )  .

     Pf: " ": ( S) ( ( )) ( ( )) ( E ).
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     Pf: Check: ( ) ( ) ( \ ).      .

     Pf: LHS= ( )+ ( \ )          (   by (3))
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            by (b)

            -algebra.

|  satisfies ( )=0 & countable additivity (letting A=  in (5)) |   measure.
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Homework: Ex.1.3.1, 1.3.3 &1.3.6 
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Sec.1.4. Constructing outer measure. 
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Def. : sequential covering class if
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Ex. 

      = bdd open intervals  

      or = open intervals

      or = bdd closed intervals

      or = closed intervals .
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For , let ( ) inf  ( ) :  ,  : ( ) 0, .

Note: In general,  may not be extension of  (cf. p.14) 

          (Reason:  monotone, but  may not be)
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Thm.  is an outer measure.

 Pf: (1)  ( ) =0

      (2) ( ) ( )  if .

      (3) Check: countable subadditivity
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