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Class 40

n
Def. K c X is totally bdd if V& >0, 3 finitely many B(x;, ¢), x; e K > K < UB(X,¢)

(Meaning: paritition K into arbitrarily small parts)

Note: K totally bdd —bdd
&

Pf."= " Fixe>0
vx,y e K, xe B(xj,¢), y € B(xj, )
~p(XY) S p(X %) + p(Xi, X))+ p(Xj,Y)

<&+maxp(Xi, Xj)+ &
i
= sup o(X,¥)<2&+maxp(X,Yj) <o
X, yeK I J

"¢ ": K, X asin preceding example with ¢ :%

Thm (X, p) complete metric space
K < X is compact < K closed & totally bdd
Pf. " ="
Vx>0, {B(x,&): xe K} open covering of K
=3 {B(X, &) X,.... Xy € K} covers K
.. K totally bdd

= .

Let K be closed & totally bdd

N§

Check: K sequentially compact

Let {yn}g K

=1
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(1) K totally bdd
=>Kc C)B(Xi,l), Xj € K
i=1
= {yn,l} of {Yn} 3 {Yn,l}g B(x,1)
T

pigeonhole principle

(2) K C UB(Zi,%), Zi e K
i

=3 {yna) < B(z,2), subseq. of {y, 1) K totally bdd & infinite
2 = Jaccumulation pt in X

Consider the diagonal subseq. {ym,m} Cauchy seq. (Bolzano-Weierstrass property)

-+ X complete

= Ymm 2> YeX

" Ymm € K closed
=>yekK

.. K sequentially compact

Note: Similar to the proof of Bolzano-Weierstrass for R"

Note: In general, (X, p) complete metric space
K < X bdd, infinite =& K has an accumulation pt.in X
Ex. as before
But: (X, p) complete; K < X totally bdd, infinite
= k has accumulation pt
Homework: Ex. 3.5.2,3.5.4, 3.5.5

Sec. 3.6 Continuous functions
Thm 1: (X, p) metric space
Y < X compact
f:Y — R conti.
= f unif. conti.
Pf: (1) In advanced calculus, use definition of compactness (to replace Y by a finite set).
(2) Here, use sequen. compactness.
Assume otherwise.
~3e>0, 3%, Yn iNY 3 p(Xy, ¥n) >0 & [F(xp) - F(yn)|= ¢
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Y sequentially compact
S 3%y > XxinY &3y, —>yinY

S p(X7 y)gp(xvxnk)"'p(xnk’ynk)+p(ynkvy)

! ! !
0 0 0
= p(x,y) =0
=>X=Y
o |1 O )= T )] < F O )= F 0] <[ F ()= £ (¥, )
Vi \2 \’
0 0
= ¢«

Thm 2. Same assumptions as above
=3 X0, Yo €Y > f(X)=supf(x) & f(yg)=inf f(x)

xeY xeY
In parti, f bdd
Pf: Let M =sup f(x) < +o0
xeY

Letx, €Y > f(x,) > M
Y sequentially compact
=3 %y, > Xy > X €Y
-+ f conti.onY

=M =1f(x) <o
Similarly for:inf.

Tietze extension thm.
X Hausdorff top space
Then X normal < V closed'Y < X, V conti. f :Y = R, Jextensiontoconti. F: X - R

Moreover, in this case, if f bdd, then F may be > infF =inff, supF =supf
X Y X Y

Cor. If X is a metric space, then X has Tietze extension property.

X

Pf: " <" Check X is normal
LetABc X, closed & AnB=¢=d =d(A B)>0 OO
Letu={X€XZd(X,A)<%},V={XEXZd(X,B)<%} A B

Then UV open,UNnV =¢ U A VOB
= X normal
(cf: J. Dugundji, Topology, pp.194-151)
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X compact metric space

C(X)={f:X > Rconti.}

p(f,9) =max|f(x)-g(x)|
xe X

Then (C(X), p) complete metric space (as Ex.3.1.5)
Let K < C(X)

Question: When is K compact?
Answer: K compact < K closed and totally bdd.
Quesiton: Can this condition be in terms of elements of K?
Answer:(Italian: Arzela & Ascoli)

K compact <> K closed & unif. bdd & equicontinuous

(X, p) metric space

Def: { f,} on X is uniformly bdd if 3¢ >0 > |f,(x)|<c VxeX, Va
Def: { f,} on X is equiconti. if V&>0, 36>0 > p(x,y) <6 =, (X)- f,(y)|<e Va
Note: Simultaneously unif. conti.

Thm. X compact metric space
K < C(X)
Then K compact < K unif. bdd & equiconti.

P "= fix some gg € K
Let K be compact d
(1) .. Kishddin C(X)= p(0, f) < p(0,dg) + p(90. T)

<p(0,0g) + sup p(f,g)<w VieK
f,geK

= K unif. bdd
(2) Check: K equi. conti.
-+ K totally bdd
— n
Ve >0, 3B(f,¢),...B(f,,6) 3KeKc UB(fj,¢)
i=1
~vfekK, 3fi > |f(x)—fi(x)|<g Vx e X

-+ Each f; is conti. on X

= f; unif. conti. on X

o fore>0,35>0 5 p(y,2) <5 =|fi(y)-fi(z)|<e

=[f ()~ f@[f - W+ - i@+ i@~ 1 (@)
<3¢ Vpo(y,z)<o
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i.e. K equi. conti.
(Motivation: unif. conti. for finitely many fy,... f,, & totally bddness = equi. conti. for K)

<"

Arzela-Ascoli Lma:

K < C(X) unif. bdd & equiconti., X compact metric space
{ fn} cK

Thenafnk —> feC(X)inp

Pf: (1) Construction of fnk :

-+ X separable
Let {Xy} < X dense

=+ {f,(x)} bdd

=3 {fml(xl)} conv. (Bolzano-Weierstrass property for (1)

=+ { fn,1(x2)} bdd
=3 {fn,z} subseq of {fn,l} E) {fn,z(Xz)} conv.

=3 {frk (%)} conv.
Letg, = f,
Then {gn(xc)} conv. vk

(2) Unif. conv. of {g,}:
Check: {g,} unif. Cauchy on X
~+{gn} alsoequiconti.
2Ve>0,36>0 5 p(X,Y) <S8 =|0h(X)—gn(y)| <& ¥n
vx e X, [gn (%) = gm ()] <90 09 = 9n (%] +19n () = Im ()] +] Im (X ) = G (X))
AN VAN AN

& & &

if n,m large for such/ﬁnitely many {x

n 5 ’ 5 ./
X< u B(yk,z) (by compactness of X) - xe B(yk,z) for some k
k=1
. 1)
{Xm} densein X = 3x, e B(yk,z) = p(X, X ) <3S
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Let f =limg, pointwise = g, — f unif.on X
n
T asin (2)
Check: f conti.
= F )= F ][00 =9 ()] +]9n () = gn (¥)]+]9n () = F (V)]
A\ A\ AN
& &
forlargen Dby conti. of g,
- f(x) is conti.

Pf: "<"(fromK to K)
Check: K sequen. compact
Let {f,} < K

1
Let {gh} =K > P(fnvgn)<2_n vn

By Arzela-Ascoli, Agp, — finC(X) inp

st )< p(f .90 )+ 209, . )<i+g<25 for large k
2"k
= fnk —>finC(X)inp

-+ f e K = K sequen. compact

Cor. K = R" compact < K closed & bdd
Pf: LetX ={12,...,n}
oo ={
. (X, p) compact metric space
f:X —>Rconti. <> x={x,.... X3}
f(i) o x
~c(X) o R"
Homework: Ex. 3.6.10 (only for R)



