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Class 41

Sec. 37 Stone-Weierstiass Thm.

Weierstrass Thm.
f :[a,b] > R conti.
Then3 {Ry} > f m||eo
Equivalently, poly's are dense in (C[a,b].| |), i.e., P=CJ[a,b]
Proof of Weierstrass:
Lma. L, :C[a,b] > C[a,b] > L,(af +bg)=aL,(f)+bL,(g9) Ya,beR, f,geCJ[a,b].
f>g=L,f>L,g Vf,geClab]
Then L, f — f unif. v f eC[a,b]

& Ly f — founif. for f(x)=1, x, x?

Pf. E.W. Cheney, Introduction to approximation theory, pp. 67-68.

Pf. of Weierstrass (Bernstein, 1912): Assume [a,b]=[0,1].
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Let (B,f)(x)= X f(ﬁj(ij (1-x) for f eC[0,1], xe[0,1], n>1.
k=0

Then By, is linear & monotone.

n

o (Bal)(x)= X [EJXK (1—x)n_k =(x+(1—x))n =1
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Pf. cf. K.M. Levasseur, Amer. Math. Monthly, 91(1984), 249-250
(use Chetyshev < to give Bernstein's proof).
Let X compact Hausdorff space, C(X )={f : X — R conti.}

Leta = C(X) (replacing P)

(1) a isan algebra, i.e.,
f,geca= f+g, Af ,fgea
A€R (4 vector space)
(2) 1(x)=1 vxe X isina
(3) a distinguishes pts. of X, i.e,,
VxzyinX, 3fea— f(x)=f(y).
Note. P of C[a,b] satisfies (1),(2)&(3).
Pf. for (3)
Letx =y in[a,b]

Letp(t)zﬁ Thenp(x)=0=1=p(y)

Stone-Weierstrass Thm.

X compact Hausdorff space

a c C(X) satisfies (1),(2)&(3):

Then a =C(X)
Note: If a = C(X) satisfies (1)&(2), not (3), then a & C(X) may not equal.
Ex.a={f,:f(x)=xVxeX, 1eR}
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Pf. (Assuming Weierstrass Thm)
Note: a also satisfies (1), (2) & (3).
(1) f e;:>|f|e;.
Reason:
Let Cp = ma)>(<|f (x)- Thenf : X —>[-Cq,Cq].
Xe

Weierstrass Thm for [-Cy,Co]= 3 poly. p > [|4|-p(4)|<& VA e[-Co,Co).
0

Lma. 3.7.2. direct proof from advanced calculus
| F )= p(f(x))<e vxeX
~a algebra= pof ca . y A

:>|f|e; AL o~ 4 | o

(2)f,gea=min(f,g),max(f,g)ca i, \ S

Reason: min(f,g):%(f+g)_%|f_g|e;

max(f,g):%(f+g)+%|f—g|e;
(3)Let f eC(X), X,y e X

Interpolate f by f, caatx &y:
(i)x=y:

Let f,y(z)=f(x) Vze X const. func.

Then nye; & fyy=fonx &y
(ii)x#y:

Then3hea > h(x)=h(y)

Letfy, (2)= 1 (x)+(1 (y)- 1 (X))-:(—hea

Then fy, (x)=f(x)
fy (¥)=1(y)
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Interpolate f atx & approx f on X from below by f, ca
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(4) Fixe>0&x,yeX, v f=f, atx &both conti.= f, < f +£ onaball By

{By} open covering of X
. X compact
= {B

yl,...,Bym} covers X

Let f, =min{ fyy ... Ty, e a (by (2)&(3))

Then f, = f atx
Vze X, ZEByJ_ for some j
= fy(2)< Fy; (2)< f(z)+e
ie, fy<f+eonX
() - f, = f atx

= fy>f-gatx

~.3Dy > fy > f —s.0n Dy

~.{Dy} open covering of X

:>{DX1,...,DXn} covers X

Letg = max{ . } ca (by () & (3))

VieX, ze DXi for some

=9(2)> fy (2)> f(2)-¢
ie,g>f-go0onX

On the other hand, g = max{ fxl,..., fxn}< f+eonX

ie, [f-gl<eonX.
= fea
Generalization & Specialization:
(1)X 0" compact
Let a = {poly. in coordinates}
Then a satisfies (1), (2), (3)
= a=C(X) (Ex.3.7.1)
Ex.n=2:

P(X, Xo) = xf’xz —3%1 — 2x22 +lea
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(2) C(X)={f:X >0 :conti.}: false as stated.
Ex. Let X ={zell :|z|<1} (cf. Ex3.7.7)

Let a = {polynomials with complex coeffi.}
Then a satisfies (1),(2),(3) f

But a ={f conti. on X & analytic on IntX } = C(X ) - -
Ex.f(z)=zeC(X) butnotin a M

Reason: In proof, min, max meaningless.




