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Class 44

Chap.4. Banach spaces
Functional analysis:
Consider spaces of functions.
topolo/gy +\algebra
(1) space & operator: duality theory
Reason: In C", inner product
In Hilbert space, ( , )
In Banach space B, | ||
But (B,B*), (x, f )= f (x)
(2) operator: spectral theory (compact, normal)
spectrum-eigenvalue.
(T-Al)(x)=yorTx=y

real vector space i+, .overR
complex vector space : +, . over C
LetF =RorC

— independence, span, basis, dimension; normed space:
x> |x|: X >R >
(@) [X]20vx
(2) =0 x=0
(3)}ax =4l ],
() vl X+ vl
= p(x,y)=|x-y| metric
Def. Banach space: (X, p) complete

Def. X metric linear space if
(1) X wvector space,
(2) X metric space with p,

@B) (x,y)> x+Y X x X =X
(A4, x)> Ax  areconti. from F x X — X
U
RorC

Def. X Fre'chet space if
(1) X metric linear space;
) p(xy)=p(x+2,y+2),9%,y,2€ X
(3) X complete.
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Zorn's Lemma.
S partially ordered set
(i.e., reflexive & transitive & anti-symmetric)
Vv T < S totally ordered, 3 upper bd (in S)
T T
(i.e., all pairs comparable) (i.e., larger than every element in T)
= S has a max element, say, y
(e, x<y=>y<Xx)

max element

Ex.

chain

Thm X vector space
= X hasa linearly independent spanning set a
Def. a Hamel basis for X

n
note: Vxe X, X=X A4Vj, 4j€F, yjea
31

Pf: partially order the collection of indep subsets of X.
apply Zorn's Lemma

Note 1: Banach space = — Fre'chet space
== !
metric; scale-invariant metric: translation-invariant
i.e., p(ax.ay)=la p(x, y)
: XYl
Ex D with p(x, y ol I
x. [ with p(x,y) T+P-y]

Then Fre'chet, not B?nach

Reason: If p(x,y)=|x-y| for some |,
then [[2(x - y)|=2|x-y|=2o(xy)
Il I

p(2x,2y)
|| L
1+[x—y|
2[x-y|
1+2|x—y|

Letx=1L,y=0 = —«
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Note 2: Every normed space X can be embedded in a Banach space X
Note. Q ~> X can be constructed as this.

i.e., X isometrically isomorphic to a dense subset of X & X unique
Pf: X < X, complete metric space

{% = equivalence class of {x,}. Cauchy sequ.}
{Xn} {yn} Cauchy.
Def. {x,}, {yn} equiv. if lim|x, —y,|=0
n
Define X+ § = X{X, + Yn }
A% ={2% }
%] =tim|xq[. Then X Banach space & X = {{x X,..} 1X € X} etc.
X normed space
Def. 3 x, converges, absolutely conv.
n

Thm. X normed space

Then X Banach space iff every abso. conv. series is conv. (Ex. 4.1.6)
Pf."=":

Assume Y X,, abso. conv.
n

n
Letsy = 2 X;j
j=1

m
Then ||sn—sm||(n<=m) X

j=n+1

m
< > ijH—>Oasn<m—>oo.
=n+1

J

-~ X Banach space
= {s,} converges in X.

= .

Let {y,} be Cauchy. Choose {ynk } E) ZHynk+l ~Yn, H < oo as follows:
k

Fore=1, letm be > i,j2n1:>Hyi—yjH<l :Hynz—ynlu<l
Forg:%, letn, be > n2>n1&i,j2n2:>Hyi—yjH<%:>Hyn3—yn2H<%

Forg:%, let ny be > n3>.nz&i,j2n3:>Hyi—yjH<%

Then Hynk+1 ~Yn, H < ﬁ vk
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Letx = Yp,
Xk = Yn, —Yn,_, fork=2

Then X ||x[| <
k
= > X, converges
k
i.e., partial sum = Yn, converges, say, toy.

Then |y, - Y| < Hyn = Yn, H*Hynk - y”

N A
& &

I.e., y, converges toy
.. X Banach space

Ex. X ={poly. on [0,1]} - normed space

| pl=max]| p(x)
x€[0.1]

Then 3 abso. conv. series not conv. in X
Def. X vector space
|+ |Hl, norms are equivalent if 3a,b >0 5 afx|, <||x|, <b|x], ¥xe X.
{

Meaning same top, but different norms.
Note: 1. X infinite-dim = 3 ||[.[}|, not equiv. (Ex. 4.2.6)
2. X finite-dim = |,,|{, are equiv. (Ex. 4.3.1)
In other words; dim X < o« < all norms on X are equiv.
(alg. condi.) (top. condi.)

Pf. of note 1:
Let {x,} Harmel basis of X.
Vxe X,X=2A,X,, where 4, =0 for all but finitely many «'s.
Define |x|, = X|4,|a,, wherea, >0 Va
[24

X, = 2|4 | by, where b, >0 Ve
o
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Then both norms.
If |, ~ [, then a- % |44 |, < 3|24y,
o o
Letx=X, =>4, =1& 15 =0Vf#a
Inparti.,, a-a, <b, Va=a Sb—QVa
aa
Letb—“—> 0. Thena=0 —«
aa

Banach spaces:

Ex.L. L (X,u) with [} ][], (< p<eo)
func.'s a.e. are identified.

Ex.2. 17 (1< p< o) (i.e., u=counting measure of {1,2,3,...}).

Ex.3C(X) with | |,

X compact (metric) space.

New spaces from old:
Def. (1) X,..., X,y vector spaces
n
Let X = 3 @X; or Xy x...x X, be {(Xg,... X)X € X}
=1
Define addition-and scalar product componentwise
Then X vector space
(2) (X, [)s-+ X [],) normed spaces
n P %
. Il ) ifl<p<ow
Define [[(xq,....Xq)| = i=1” '”i ;
max; x|, ifp=oo
Then equivalent norms & (X, |{|) normed space
(3) Xq,..., X,; Banach spaces = X; x...x X,; Banach space (Ex. 4.1.5)
Homework: Ex. 4.1.3.,4.1.4,4.1.5

Sec. 4.2 Subspace & bases
X overF=RorC
Def. Subspace of vector space
Def. Subspaci spanned (generated) by a subset K < X

(X +..+ AnXy 145 € F, % € K} (note: K may be infinite)
Note: D (normed space) closed subspace (spanned by K)
e, (A +oH AnXy T Are An € F X X €K



