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0Note: (Ex. 4.2.2)  Banach space /  Banach spaceX X Y  

Homework: Ex. 4.2.2, 4.2.4 

 

 1

1

Thm.  normed space over R or C

         If dim ,  then  homeom, isomorphic to 

                 

   Pf. Let ,...,  be a Hamel basis for .
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Cor 1.(cf. Ex. 4.3.1)  finite-dim vector space,  norms on .

         Then ~ .

          i.e.,  , 0  

Pf.: By note of thm, ( , ) ~ ( , ) ~ ( , )
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Cor. 3  finite-dim normed space  Banach space

      Pf:  dense in Banach space 

     Cor. 2  closed   is a Banach space

X X
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X X X X
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For the proof of next thm, need the following lemma.

Riesz's Lemma:
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1 1 1
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Homework:

      Sec. 4.3.

           Ex. 4.3.2~ 4.3.4

                               . strictly convex if 1 ; otherwise if 1, .p p p    
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2
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Ex. 1. (R , ) :                              strictly convex

Ex. 2. (R , ) :                             not strictly convex

Ex. 3. (R , ) :                             not strictly convex
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   

      Sec. 4.4. Linear Transformations.

      Thm.1. ,  normed spaces. 

          :  linear transf. 

               (i.e.,  ,  &   , )

       Then  conti. on  conti. at o

X Y

T X Y

T x y Tx Ty x y X T x Tx F x X

T X T

  
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        


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11 11 1

1
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    
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   



            " ":
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
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
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

 
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        Check: 
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Thm 2. ,  normed spaces.

         :  linear transf.

       Then  conti. sup

     Pf: " "

           Assume sup
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 
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0

1
               Then 0 ( 0)

               But 0                   

           " ": Let  sup

               Check:  conti. at 0

               Let 0

                   

n n

n

x

n

y y
n

Ty

Tx
M

x

T

x

Tx
M x

x



  

 

   



 



 0

                   

                0

               0,   i.e.,  conti. at 0.
n n

n

Tx M x x

Tx M x

Tx T



   

   

 

 

,
0

1 1

Note: ,  normed spaces over ,  dim 

:  linear transf.   conti. (Homework)

Def.  conti. linear transf.:           

       sup  (norm of )          

Note 1. sup sup su

Y
X Y

x X

x x

X Y F X

T X Y T

T X Y

Tx
T T

x

T Tx Tx



 

 
 





  

 

 

0 1

1
1 0 1

p

        2.  

        3.  conti. at one pt. of  conti. on  unif. conti. on 

        Ex. C C ,

          1 max max  (max column sum)

          2 max

x

n n
ij

ij
x j i

Tx

x

Tx T x x X

T X T X T X

T T a

Tx
T a

x

T

 







   

 

     

  



 

0

2
2 0 2

max  (max row sum)

          3 max max singular value of  (cf. Ex.4.4.3)

ij
x i j

x

Tx
a

x

Tx
T T

x


 



 

 

 


