R R

Class 45-46
Quotient space

X normed space
Yo < X closed subspace

Let X /Yo ={x+Yy:xe X} (={equivalence classes of elements of X underx=y ifx—yeYy})
Define (x+Yg)+(Xa +Yg)= (X + X2)+Yo
A(x+Yg)=Ax+Yg
Then X /Yy vector space.
Define |x+Yo| = inf |x+ y|
yeYp

Thm, (X /Yp.| ||) normed space
Pf..

1) (Ygll= iInf =0
@ [Nof = inf 3]
Conversely, if ||x+Yo| = inf |x+y| =0, then
yeYo

JyneYy > |[x+yy[—0
i.e., yn = =xin| | Yo closed = x Yy
= X+YO ZYO
(2) [|2(x+Yo)| =] Ax+Yo| = inf |Ax+y]
yeYp

= inf |Ax+Ayy| =|4| inf |x+ | =|2|x+Yo]
y1€Yo Y1€Yo

(3) H(x1+Y0)+(x2 +Y0)H—g:H(x1+x2)+Y0H—g

= inf ) +x+Y|-¢
yeYo

= inf |q+x+n+ys|-¢
Y1, Y2€Yo

A
[+ w1l +ixz + v -
2 2

Y1, y2€Y 2
< inf |xqg+ygl|+ inf %o+ yo| =[x +Yo[|+[ X2 + Yo Then let £ -0
Y1€Yo y2€Yo
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Note: (Ex. 4.2.2) X Banach space = X /Yy Banach space
Homework: Ex. 4.2.2,4.2.4

Thm. X normed space over F =R or C
If dim X < o0, then X homeom, isomorphic to F(n)

n
Pf. Let {ey,....e,} be a Hamel basis for X.

n
vxe X,x= Y Je uniquely.
i=1

Then 7: x> (4,..., 4 ),1-1, onto, isomorphism: X — F
Check: homeom.

(1) Check: 71 conti.
Assume (/tl(m),...,ln(m))—>(ﬂl,...,/1n)

Then Hx(m) —XH =

‘Zﬁi(m)ei = 2 A€

<[4™ A e

<M 'z‘ﬂ,i(m)—zi‘%o
|

(2) Check: z conti.

()= 71 conti.

L {(ﬂl,...,ﬂﬂ):z‘z”:l} :{Z/Ijej :Z_‘/ij‘zl} compact
j j j

compact

:Z‘/lj‘:l}:
J

If C=0, then > 2je; =0
i

LetC=inf{

2]
J

> Ajej| for some Z‘ij‘zl
i i

:ZJ—:O Vi -5« =C>0

2 Aj8j
J

>C-3|4j| ¥4 eF
]

= 7 conti.
Note. In parti., C-Zj‘/lj‘guzjﬂ,jejug M -zj\zj\ VijeF

ie., O, ~ F™ )
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Cor 1.(cf. Ex. 4.3.1) X finite-dim vector space, |, [{|, norms on X.
Then [ ~ -
ie,3ab>0 > a||x||1 < ||x||1 < b||x||2 VX e X

Pf.: By note of thm, (X, |-|,) ~ (F™.|-|,) ~ (.||,

Cor 2. X normed space over F
Y < X finite-dim subspace
=Y closed.
Pf. Let {ym}gY 3 Y2 VYeX
Check:yeY

*{ym) bdd in finite-dim Y = {(zl(m),...,zﬂ(m))} bdd in F(") (by note of thm)
.. Bolzano-Weierstrass = subseq. conv.
= 3{Ym} convergestoz Y

Buty, —vy
Ly=zeY

Cor. 3 X finite-dim normed space = X Banach space
Pf: - X dense in Banach space X

Cor. 2= X closed = X =X =X is a Banach space

For the proof of next thm, need the following lemma.
Riesz's Lemma:
X normed space

Y < X closed subspace
#*

ThenVe>0,3zeX 3 |7)=1 & |z-y|>1-¢ vyeY

Explanation: In normed space, 3 elements in y+ approximately

Letz LY & |z]|=1
Then |z-y|>|z|=1>1-¢ VyeY
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Pf..Letxge X, xg Y
Letd = inf |xo -] X
yeY

Thend >0
(Ifd =0, then3y, €Y 5 |Xg—yp| > 0= x5 €Y —>¢).

VT]>O, Hyo eY > dS||X0—y0||Sd+77

Let 7= 00
[%0 = Yol
Then ||z||:1
Xo — Yo 1
vyeY, |z-y|= Y= ko = (Yo + %0 = Yol v
SR e e hysl)
eY
> d >1l-¢
d+n
(Iet0<77<d—g)
l1-¢

Thm. X normed space over F, "K < X closed & bdd = compact” < dim X < oo,
Pf: note: top condi. < algebric condi.
"<": by Thm before
"=
Assume dim X = .
(Idea: construct approx. 0.n. sequence {xn} by Riesz's Lemma)

Motivating example: X = I2,en =(0,..,0,10,...),n>1
K =T nsT nth
Then K closed & bdd, but [, —ep[|=+2 vn=m
= {e,} not Cauchy
= {ep} has no conv. subseq.

= K not sequentially compact
= K not compact
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Letxy e X > |x]|=1
LetY =(x)c=X (Y finite-dim=Y closed)
+*

Riesz's Lemma for ¢ =%:> Ixg e X, %=1 5 |xp —x||>1-

N |-~

1
2

Let Y =(x, X )= X (Y finite-dim =Y closed)
#

Riesz's Lemma for & =%:> Axge X, |xgf|=1& [jx3—x|, [X3— %o >1_%:%

=3xS X > [x]|=1& “xn—xju>% v i1<ij<n.

~.{X,} bdd, but no subseg. conv. (- Cauchy not satisfied)

i.e., {x_n} not sequentially compact, but closed, bdd.
= {X,} not compact. —>«
Homework:
Sec. 4.3.
Ex. 4.3.2~4.3.4
I ) strictly convex if 1 < p < oo; otherwise if p =1, 0.
y
Ex. 1. (R2,||-||2): h strictly convex
2 %Y
7
]
y
Ex. 2. (R2,||-||l) ; % not strictly convex
_7 X
hE!
Ex. 3. (R2,||-||Oo) . 1 not strictly convex
1
_1 X
-1
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Sec. 4.4. Linear Transformations.
Thm.1. X,Y normed spaces.
T:X —Y linear transf.
(ie, T(x+y)=Tx+Ty Vx,ye X & T(Ax)=ATx VAieF,xe X)
Then T conti. on X < T conti. at one pt. of X
Ex1.F—>F
X > ax

Ex2. F™ > F®

Xn thy - thn || Xn
Pf.."=": Trivial
e

Assume T-conti.-atz e X

Letxe X

Check: T conti. at x e X
Assume x, = X

Check: Tx, — Tx
VXX DA+ Z
=T (X —X+2)>Tz

I
TXp —Tx+Tz

= Tx, — Tx as needed.

Thm 2. X,Y normed spaces.
T: X =Y linear transf.

Then T conti. c)sup” ”
X0 ”X”

Pf:"="

Assume sup+—+ ” ”
xx0 ]

SVn=3x,#0 > ”TX ||>n

Tl -
-. T[_]‘
]

ll
Yn
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1
Theny, —0 (- |yn| ==- 0)

But Ty, »0 —><
v Lot M =sup Pl < o
oo X
Check: T conti. at 0
Letx, =0
M <M V¥x#0
IX]

=T <M-[x]  vx
X[ < M3 =0
=Tx, >0, ie,T conti.at 0.

Note: X,Y normed spaces over F, dim X <
T: X =Y lineartransf. = T conti. (Homework)
Def. T conti. linear transf.: X =Y

[Tl
T =sup
” ”X ¥ x#0 ” "

(normof T)

5 _ _ ]
Note 1. [T||= sup [TX||= sup |[Tx||= sup # ="
N R S M E

2. =T wx e X
3. T conti. at one pt. of X < T conti. on X < T unif. conti. on X

Ex.T-C" > CT =g |

[y

1 T T Ikl ‘ --‘ I

@ ||1 T% ”X" m;jix% ajj | (max column sum)

(2)[T],, = max ™., = maxZ‘ai- ‘ (max row sum)
S e

—% = max singular value of T (cf. Ex.4.4.3)



