R R

Class 47

Thm. X,Y normed spaces.
B(X,Y)={conti. linear transf. T : X —Y}
Then(B(X,Y),|]) normed space
Pf.. LetT eB(X,Y)
() T[>0
(2) T=0= 7|0
[T|=0=Tx=0Vvx=0, ie, T=0
EAC AL
3) ||[AT | =sup =sup
L 4 R A
(4) [T +S|<|T]+]|S| for T,S eB(X,Y).

=[4[-{T]

Thm. X normed space, Y Banach space
= (B(X,Y),||) Banach space
Pf.. Let {T,}< B(X,Y) be Cauchy.
Vx e X, consider {T,x}
< TaX =T X = [T =T ) X[ < [Ty =T |- [ X] > 0 as.n,m — co.
~.{Thx} CauchyinY
= Tyx >y =Tx (i.e., pointwise conv.)
(1) T linear transf:
T (ax+by)= IirrlnTn (ax+hy) = IirEnTn (aTx+bTpy) = alirr]nTnx+ b Iirr]nTny =aTx+bTy
(2) T bdd:
-+ {T,} CauchyinY

= {”Tn ”} bdd ( ”Tn ” < ”Tn -TN ”"'”TN || vn > N)
say, [Ty||<M  wvn
“[Tax|<[Tall- <M -] wx
[T
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(3) T, —> T in ||| (i.e., conv. unif. on unit disc)
wVe>0,IN > mn2N= T, -Ty|<e

”TmXITnX” ST =Ta|-[X| < &-[X| ¥Ymn=N

Letm —> oo [Tx—TyX|
o T -To||<e vn=N

ie, |T-Ty|>0asn—w

Def. X Banach space
XxX > X + (1) within: associative law
(x, y) Xy (2) with +: distributive law
() with - : A(x-y)=(Ax)-y =x-(1y)
@ with [H- [x-y]| <[x]-Iv]
Then X Banach algebra
Ex.1. X compact (metric) space;
Then C(X ) Banach algebra (with pointwise multiplication)
Pr: [ ol <[] -lalL,
Note: commutative
Ex.2. X Banach space.
Then B( X ) Banach algebra (with composition: S-T =SoT)
Pt. [ST<IS|T| — Iscrol<Is|m|<IsT wx
Note: non-commutative
Note: There's more structure to it: conjugate.

= C"-algebra, von Neumann algebra
Homework:
Sec. 4.4.
Ex. 4.4.6~8

Ex.3. Ll(R”) with (f*g)(x)=[nf(x=y)g(y)dy (convolution) (Ex. 4.4.10)

Then Banach algebra.

P [« gl <[ ], ol
Note. commutative
Three main results of functional analysis:
(1) Uniform bddness principle
(2) Open mapping thm
(3) Hahn-Banach thm: need convexity.

}: need completeness.
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Sec. 4.5. Principle of uniform bddness (Banach-Steinhaus Thm)
Thm. X Banach space, Y normed space.
{To}: X =Y bdd operators.

If vxe X, {|T,x|} bdd, then {|T,||} bdd.
Note. {|T, ||} bdd = {|T, x|} bdd ¥xe X
Pf. 1. Check: 3B(Xp,£), 3K >0 > |T,x|<K vxeB(x,¢) Va

"Pointwise bdd to local bdd"
(need: completeness)

"local bdd to global bdd "
(need: linearity)

Check: [T, y| < K.||ly| Ve vy=0

Assume contrary.

(i) Fix B(xg,2) & K =1=3x € B(xp,8),1 > [Toy>1.
Ty, conti.
.'.HTalx“>1on some B(x, &)< B(%g,8) & & <1.

(il) For B(xq, 1) &K =2=3% € B(xq,2),02 > [T, %|>2

Ty, coNi.

HTazX“>2 on some B(xy, &) = B(x,4) & & <%

" B(Xy.&n) L, nonempty, closed in complete X & &, —0
y

:>EIZemB(Xn,gn)
n

HTa z”>n VN —<«
n

Check: [T, |<K Va
l '

y [ e

&
ol 2
y#0 Il 3 X

&l?2
Letz=—7+--Y+ X
M

ThenzeB(xg,¢)
2 |T7|<K Va

y 2|ly
~Irosl- 2, -2 e

&
2

K M (by assumption)

<[y-2(K +Mm)




R R

Pf. 2. (Ex. 4.5.1)
(Use category thm) (due to S.Saks) in the paper of Banach-Steinhaus. (1927)

a

Let X, = {x e X sup|T, x| < n||x||} closed in X

pointwise to local AX=UX,
n

(need Baine)
"+ X complete metric space

. Baire category thm = for some n, X,, > nonempty open set

.3 B(Xo,r)g Xn
~VxeX, |X=1
Xo +&x e B(xg,r) < X, for some & > 0.

¥
||Ta (x0+gx)||s n|xo+&x|<n|xg|+ne Va
"local to global™ vk
(need linearity) &[T, x|~ [T Xo|
@D a2 (el nfpol +ne)

1
s;(n||x0||+n||x0||+ns) (X eXy) Va

T
indep. of ¢ & X

=|T,|<K Va

X+ é&X

Mex B(xg.r)

X /"/ xn

;/.

7/ X0

Note: The same argument applies to "vx € Z, {|T, x|} bdd = {|T,,[} bdd, where Z 2nd category".

Pf. 3. Gliding hump method (Hahn, 1922)
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