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Class 48
X,Y normed spaces

Def. T,,,T : X =Y bdd operator
T, =T innorm if [T, —T|— 0 as n — oo. (conv. uniformly on unit ball)
T, > T strongly if [T,x—Tx| >0 as n—>o V¥xe X (conv. pointwise)
Note 1. Same as "uniform conv.” & "pointwise conv." of functions.
2.T,—>Tin normjon — T strongly

Pf: vxe X, |Tox=Tx|<|T, =T|-|x| >0
Ex. T, 12 512
> Tn (X0 Xqre) = (Xns Xny1,--) (left shift)
T=0

Then ||Tnx||2 =& ‘xj‘z >0 asn—w Vxel?
j=n

- Ty — 0 strongly
But |[Ty[=1 ¥n
. Ty = 0 uniformly
3. Ty, Ton finite-dim X. Then T,, — T unif. < strongly (need: norms are all equiv.)

Applications of unif. bddness principle:
(1) Thm. X Banach space, Y normed space.
T, : X =Y bdd operator
If Vx e X, Tyx converges, then 3T : X — Y bdd operator > T, —T strongly.
Pf: Let Tx = Iirr1nTnx VX.

Then (1) T-linear:
T (ax+by) =limT, (ax+by) = lim(aT,x+bT,y) =aTx+bTy
n n
)T bdd:
~+{T,x} bdd vx
Unif. bddness principle = {||Tn||} bdd, say, [T,[<K, v¥n
IITEXII <|[Tall- I < K- [x]- wx

[m|
=|T|<K
(3) T, > T strongly, by def. of T
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(2) 3 conti. func. f on [0,27] > f(0)= f (27) & its Fourier series div. at x=0
(cf. Ex. 4.5.2~4.5.5) (cf. W.Rudin, Real and complex analysis, p.101)

Def. f 1[0, 27]
S(x)= ¥ ae™a, -1 27 £ (y)e Wy
N=—o0 27[
(Fourier series of f)
Note 1. (Kolmogorov, 1926)
If e Ll[0,27r] 5> S, div. everywhere on [0, 27].
2. (L.Carleson, 1966)
f el?[0,27]=S(x)=f(x) ae.
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Note:" <" by Holder's <
(cf. Hellinger-Toeplitz Thm & Halmos, Prob. 29)
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But let Xj =

n n ‘
Then [, =1 & [Tnx| = El‘ajxj\z >
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