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Class49

Note: T : X — Y Banach spaces. Then either TX 1st category or TX =Y
(cf. p.144, Ex.4.6.5) (Homework)
(Inverse mapping Thm)
X,Y Banach spaces
T:X —Y 1-1, onto, bdd linear tiaraf.
Then T~%:Y — X onto, bdd linear tiaraf.
Pf: Check: T™* bdd < T conti. T
Let G — X open
Check: (T_l)(G)open iny
U S
TG
(by open mapping-Thm)
Note: In general not true for nonlinear mapping

f—l
Reason: @ _y f‘l(z)—>27r¢ fL 11J'0

? 0

Ex. f (t)=(coo t,sint):[0,2z) = circle. Thenf,_y, onto, conti., but f ~* not conti at (1,0)

Cov. 2. (X||||2)(X||||2) Banach spaces
113505, <K-[xf, e %, then [, ~ 1
Pf.: Let | (X||||2) —>()Z||||1) be the identity mapping.
Then 1 1-1, onto, bdd linear transf.
= 175X ) = (X1 ) bdd
w Il <Ky X
Closed graph thm.:
X,Y Banach spaces
T:X —> Y linear transf.
Assume Gy = {(x,Tx) X € X} — X xY (graph of T) is closed
Then T is bdd.
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Note: T = Gy closed. (even if T not linear)
Pf: Assume (X, Tx,) = (X, Y)
Check: (x,y) e Gy
ie.y=Tx
Xy > X&TX, Y
Txn o Tx

—> y=TX

Pf.. - Gy closed subspace of X xY
(G TX)+ (Y. Ty) =(x+y,T(x+Y))eGy
( A(X,Tx) = (A%, ATx) € Gy ]
Assume (X x V.|| [):]x y| = x|+ y|. Banach space
= Gt Banach space
LetJ :Gr — X be> J(x,Tx)=x

Then J,1-1, onto, bdd linear transf. ( KE H(XTX)H = ||x||+||Tx||)

Cov.1 = J 111, onto, bdd linear transf.: X — Gy

23K >13 37 < K[| vxe X

(X, Tx
J

[T
U
[+ |
= |Tx|<(K-1) vxeX
=T bdd
Note 1. Not true if T-not linear.
3
Ex.T:0 -0 5 T(x)=1x PRt
0 lifx=0

Then Gy closed, but T not conti. at 0
Note 1. Open massive thm < closed graph thm

Note: Closed graph theorem = Inverse mapping thm

Pf: X,Y Banach spaces
Let T.X — Y 1-1, onto, bdd, linear transf.

Check. T™1:Y — X bdd

X

closed graph thm:

y

IX|
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Check. G (T ‘1) = {(y,T_ly) ye \7} closed
Say, (yn ’T_lyn ) - (y’ X)

Y — y&T_lyn — X
= Yp = TX
Sy =Tx
SoX =T_1y
inverse mapping thm
(y,x) =(y,T_1y) € G(T_l)
Note: = Open mapping thm.

Let T: X — Y onto, bdd
Pf.. Check: T open
Let G — X open
Check: TG open
L X=>Tx "
Consider T: X /ker T.—Y 1-1, onto, bdd linear transf.= T open
Let 7: X/ker T :77(x)=X

Then 7 open =T =T°7 is open

- X/ker T has norm |%]|=inf {|y|:y—xeker T
Then Banach space

Check: n({x x—xo| < y}) is open

-zl <)

Conclusion: "open mapping thm", "inverse mapping thm" & "closed graph-thm" are all equiv.
Note: T : X — Y linear, X,Y Banach spaces
T bdd < "X, & X = Tx, —> Tx™

Closed graph thm = Check:"x, > X & Tx, > y=>Tx=y"



