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Class5
Ex. (Ex.1.4.1) Let K ={¢,X, singletons};
A(¢)=0, A(X)=#X, A(E)=1if E singleton.
Then u”(A)=#A; outer measure
a=p(X); o-algebra

.U measure on @(X) (counting measure); measure.

Homework: Ex.1.4.4,1.4.5

Sec. 1.5.
(X ,a,u) measure space.

Def. u is complete if Ec€a, U(E)=0, NcE = Nea.
Note: u constructed from outer measure u” is complete
Pf. Check: u”(A)>u"(A\N)+u (AnN) VA

A\ «-u” monotone

u”(E)
| <. ula=u
u(e)=0
X set
A, K c o(X) sequential convering class
outer measure u e((X)
U/
measure u a

complete measure U a

Ex.a={¢,X}: o-algebra
u(g) =u(X)=0
Then u measure, not complete, if #A > 2
Thm = a = p(X)
u =0.

Thm. u measure on a
(1) Let a={EUN: Eca, Nc A whereAca & u(A)=0} (>ana)
Then a o-algebra
(2) Let u(EUN)=u(E) forEUN € a.
Then u complete measure on a. (= u|a=u)



R R i R

Note: Other construction of a: E\N (Ex.1.5.2) or EAN

Pf. (1) g=gUdeca
Check: EUN ea = (EUN)® ea.
Say,Ee€a, Nc Aeca, u(A)=0.
(EUN)°=E* AN =E W =(E“\A)UN' € a.
m N
a A

Check: E, UN, ea=U(E, UN )ea
n

(UEn)U(UNn)
n n
M N
a VA, €a & U(LA,) <X U(A,)=0
n n n

(Say,E,€a,N, c A, €a,u(A,)=0)

= a is o-algebra

(2) Check: u well-defined.
Let: E,UN;=E, UN,, where E;,E, ea, N, c A, N, c A, A A ca, u(A)=u(A,)=0.
Check: u(E,;)=u(E,)
B cE,UN,cE,UA
= U(Ey) su(Ey) +u(A,)
|
0
Similarly, u(E,) <u(E,).

Note:(1) u(¢) =u(g) =0
(2) U(AE, © N,)) = U((UE,) W (N,)) = U(E,) = ZU(E,) = ZU(E, U N,)
for disjoint {E, UN, }
— U is measure
(3)BcEUN ea, u (EUN)=0= u(E)=0

Say, Nc A, Aca & u(A)=0
ThenBc EuUA, whereu(EUA)=0,EUA€ca

— Bea (bydef. of a).

= u is a complete measure.
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Homework: Ex.1.5.1,1.5.2

Sec. 1.6. Lebesgue measure
(1) Lebesgue measure on R":
Rn
K={bdd open intervals in R”}u{;/}} sequential covering class.

A(bdd open interval) = its volume.
y R’

= u~ Lebesgue outer measure
u Lebesgue measure (complete) on a X

— Lebesgue measurable subets of R"
may prove intervals are Lebesgue measurable
— need topological consideration

(2) Lebesgue-Stieltjes measure on R:
Letf :R—>R beT & right conti.
R

K= {(a, b]:a<be ]R} U{g} sequential covering class.
A((a,b]) = f(b)- f(a).
— u" Lebesgue-Stieltjes outer measure

u; Lebesgue-Stieltjes outer measure

(complete) ona; & u; ((a,b]) = f(b)- f(a) (Ex.1.9.13)
Note: IfK ={(a,b)}, A((a,b)) = f (b)- f (2) Thenu((a,b)) < f(b)- f(a). (Ex. 1.9.15)

Ex1.f(x)=x
Then u; Lebesgue measure.

Ex2.f(x)=[x] T &right conti.
Then u; is defined on a; > u;(E)=no. of integers in E.

>
NeS

Reason: u; ((%,3]):[3]{%} =3-0=3

f7 U

Note:
For certain u, let f (x) = u((-o0,x]) (distribution function)

Thenf T & right conti.
Homework: Ex.1.6.3
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Thm.E <R > E not Lebesgue measurable.
i.e. In (1) above, a & p(R)

X,y €[0,1)
Def. x =y if x—y rational

Then"=" equiv. relation.
.. Axiom of choice
= F =set formed by taking 1 element from each equiv. class
Check: F not Lebesgue measurable.
Assume F Lebesgue measurable

= %+ F Lebesgue measurable & u(%+ F)=u(F) vk=>1

Note: {%+ F} mutually disjoint

LetXE(%-i- F)m(%+F) fork =1

1 1
X = F_i_nl :T+772 for some .1, € F

S>m-n=rational=> g =n, > =m=>k=l >«

S u(F) = éu(% Fy= u(k[;l(% F ) <u([0,1)=1 vn>1

=Uu(F)=0
Consider r + F for rational r
= r+F Lebesgue measurable & u(r + F)=u(F)=0
Also, (r+ F)n(s+F)=¢ forr =s rational
u(r+F)=[0,1) = u([0,1)) =0 —«
;

Reason:"c":
"o" Letxe[0,1)
. X € some equiv. class
= x=n@n forsome neF
. X=n+r for some rational r
.. XeLHS
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u Lebesgue measure on R:
(1) u({a})=0. (Ex.1.6.1)
Easy: by (3)
(2) u({ay,a,,...})=0 (Ex.1.6.2)
~. countable subadditivity
() u([a,b])=b-a (Ex.1.6.3)
Need: Heine-Borel thm.
(4) u((a,b))=u((a,b])=u(fa,b))=b—a (Ex.1.6.4).
Easy
(5) E Lebesgue measurable, a € R = a+ E Lebesgue measurable & u(a+ E) =u(E).



