
實變函數論─應用數學系 吳培元老師 

 1

Class50 

   

 

2
0

2

2

   Applications

1
   (2) For ' 0,2 ,let . ... 2, 1,0,1,2... (Fourier coeffi.)

2
         Mercel's thm:

Pf: Parseval's equalitz time for 0, 2
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      Question: lim 0  ' 0,2  Fourier coeffi's of 

      Ans. No. (by inverse mapping thm)

Reason: Let : ' 0,2 : lim 0  (with . )

           

n k n

n n n
n

n n
n

a f a f n k

a a f L a f

T L C a a









     

    

  

 

 

2
0

1

1

   Then  is 1-1, bdd, linear transf.,
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(cf. W.Rudin, Real and complex analysis, pp.103-104)
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(1)  :  bdd

      

     Pf.: (Idea: by closed graph thm).

          Let  &    in .
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           (cf. J.B Conway, A course in functional analysis, 2nd ed., p.93, Ex.7)

 

 

Note 1. Ex.4.6.6 not correct

           ,  Banach spaces

           :  linear transf, ker : 0

        Then  bdd
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ker  closed in 

        Pf.: ker 0  closed

                                ( In metric space, singleton closed).
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Ex. Let , ,... : , 0  (cf.B.Gelbaum, Problems in analysis, Problem 376)

            

     Then , . , , .  Banach spaces.

    Check: dim lim
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 lim , lim  (  infinitely many indep. vectors)

Note 1.  Banach space

               lim  or lim 

            i.e. No Banach space has a countable Hamel basis (Ex.4.8.7)
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(Note: 0,...,0,1,0,... not a Hamel basis)

                                                                      n-th

     Let ,  Hamel basis for , , resp.

    ,  ,  where 0 exc
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    ept finitely many 's.

        Let 

      Then  is 1-1, onto, linear transf.

Note 2. ,  vector spaces                 (Ex.4.8.3)

                 Then  isomorphic to  iff dim d im
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               (only algebraically)

        Note: 3 levels of isomorphism between normed spaces:

                   (1) isomorphism (algebraically)

                   (2) homeo. isom. (top+alg.
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                   (3) isome. isom. (norm+alg.)

                      ker 0  closed

                          But  not bdd.

          Reason: If  bdd, then, by (1), 
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Homework:

       Sec.4.6, Ex.2,3,5,6 (modified)

       ,  Banach spaces & :  linear

Note 2.  bdd ker  closed in  if lim

             :

      Pf.: Consider : / ker  1-1 on Banach spaces (Here 
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Sec.4.8. Hahn-Banach Thm

         normed space over R,C

Ex. R  over R

      : ,..., : ,...,  

Def. : :  bdd, linear  (dual of )
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Motivation:

In Banach space, , ,  to replace inner product in Hilbert space.

Note:  Banach space (p.136, Thm.4.4.4)

       Hahn-Banach Thm says "  is rich"

Note: Nothing to do 
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with "completeness"; unlike uniform bddness principle & open mapping thm)

           vector space over R

       : R  (  acts as noun)
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Pf.

Let , :  ,  : ,  linear, extend  &  

                                subspace

Define , ,  if  &  on 
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Zorn's 
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Assume 

     Let  ,  but 

     Let : , R :  subspace & 

Define : . for some R

     Note 1.  well-defined:
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  Note 2.  linear:

     Note 3.  extended  (when 0)
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              max. of ,
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                  (1) c

one-dim extension 

due to Helly (1912)
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Note: Helly intersection Thm in convex analysis: ,  in  & any two have

          nonempty intersection
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   More generally,  in R  compact, convex, any 1 

         have nonempty intersection
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