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Class50
Applications

(2) Forf e L'[0,2],let a, =2ijg” f (y)e_i”ydy.n =..—2,-1,0,1,2... (Fourier coeffi.)
T

Mercel's thm:
i 0 Pf: Parseval's equalitz = time for f 12 [0,27] }
im a, =
ntwo | Iff eL’, then3f, €25 f — f in Iy = an(fc) > an (f) unifinnask —» oo

?
Question: {a,}> lim a, =0=3f e L'[0,27]> {a,} Fourier coeffi's of f
n—+

Ans. No. (by inverse mapping thm)

Reason: Let T : L'[0,27] — Cy = {{an}: lim a, = O} (with |]..)
n—ztoo
Then T is 1-1, bdd, linear transf.,
5 =2
* |an] 3510”“ (¥)]dy
<[t

= "{an}”oo < ||f||1
(cf. W.Rudin, Real and complex analysis, pp.103-104)

If, T onto, then L'[0,27] = Cy
= LY[o,27] =Cq"

L*[0,2z] e
nonseparable separable —<«
Letxe X
Check: T conti. atx e X
Assume X, — X
Check: Tx,, — Tx
T Xy DX Xy —X+Z 2

R

=T (X —X+2>2)> Tz

TXp —Tx+Tz
= Tx, — Tx as needed.



81 &2
(1) A=|ay ay...|:1> > 1% = Abdd

Pf.: (Idea: by closed graph thm).
Letx, > x & Axy >y in |,

- (A% 2) :<xn,Kz>

\’ \’
(y,z) <x, ;Z>
\\ I
(Ax,z) vz el?
=y =AX
. Gp Isclosed

.. closed graph thm = A bdd

diigh

FrEvR— R B U

(cf. J.B Conway, A course in functional analysis, 2nd ed., p.93, ExX.7)

Note 1. Ex.4.6.6 not correct
XY Banach spaces

T:X -V linear transf, ker T ={x e X :Tx=0} = X

Then T bddzker T closed in X

Pf: -~ kerT =T‘1{O} closed

(-.'In metric space, singleton closed).
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Ex. LetX =Cq = {(xl, Xp,..) Xp €, %Xy > 0} (cf.B.Gelbaum, Problems in analysis, Problem 376)
V=1
Then (CO||||OO)(I1||||1) Banach spaces.

Check: dim Cy = limI*

& lim Cy, lim It = (- 3 infinitely many indep. vectors)
Note 1. X Banach space
=limX <o orlimX >
i.e. No Banach space has a countable Hamel basis (Ex.4.8.7)

= dim Cy =dimI* = %, (Note: {xn = (0,...,0,1,0,...)}not a Hamel basis)
n-th
Let {x, }.{y,} Hamel basis for Co,ll, resp.
5. VxeCq, Xx= 2 A,%,, Where 4, =0 except finitely many o's.
o

Let TX=>1,Y,
o

Then T is'1-1, onto, linear transf.
Note 2. XY vector spaces (Ex.4.8.3)
Then X isomorphic to Y iff dim X =dimY
(only algebraically)
Note: 3 levels of isomorphism between normed spaces:
(1) isomorphism (algebraically)
(2) homeo. isom. (top+alg.)
(3) isome. isom. (norm+alg.)
- kerT = {0} closed
But T. not bdd.
Reason: If T bdd, then, by (1), Cp = It
(topo & algebraically)
=Cy =¥
o

separable not separable —><«—
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Homework:
Sec.4.6, Ex.2,3,5,6 (modified)
X,Y Banach spaces & T : X — Y linear
Note 2. T bdd < ker T closed in X if limY <o
=
Pf.. Consider T : X /kerT — Y 1-1 on Banach spaces (Here "kerT closed"” needed)
= limX /kerT <limY <o

— T bdd =T =T% bdd.

Sec.4.8. Hahn-Banach Thm
X normed space over F = R,C

Ex. X <R" overR

feX™ o[V Y- £ () =[YYn]l © |=2ViX
|

T
Def. X* ={f:X — F: f bdd, linear} (dual of X)

(linear functional)

Motivation:

In Banach space, f € X*,x e X, f (x) toreplace inner product in Hilbert space.

Note: X * Banach space (p.136, Thm.4.4.4)

Hahn-Banach Thm says "X ™ is rich"

Note: Nothing to do with "completeness"; unlike uniform bddness principle & open mapping thm)

X vector space over R
P:X > R>p(x+y)< p(x)+p(y) (p acts as noun)
p(Ax)=2Ap(x) VA>0
Y < X subspace
f:Y >R, linear &f (x) < p(x) vxeV.
Then f can be extended to F : X — R linear & F (x) < p(x) ¥x e X
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Pf.
Leth{(Va,ga): YcY, X, g,:Y, >0, linear, extend f &g,, (x)< p(x) VXeY_a}

subspace
Define (Va,ga)s(\?ﬂ,gﬂ) ifY, =V5 &g, =gz onY,
Then (K, <) partially ordered (reflexive, antisymmetric & transitive)

Zorn' — — — -
o ) Also, if {(Y2 9 )} totally ordered, let V' = UY,, &g'(x) =g, (x) ifxe¥, cV¥".
a

Lemma
Then (V',g‘)e K & (Va,ga)g(\f',g') Va.
i.e. any totally ordered {(\70,, Ou )} has an upper bd (in K)

- Zorm's Lma => 3 max. element (Yg,gp ) € K.

Check: Yy = X.

Assume Yo — X
#

Let y; € X, buty; &Yy
LetY; ={y+2y;:yeYg,AeR}: subspace & oYy
*

Define gy :Y; > U5 gy (Y +4y1) = do (y) + AC. for some C e R

Note 1. g; well-defined:
Reason:y +Ay; =y'+4'y;
=y-y'=(A1-)n
€ 2
Yo Yo

=>A'=1 &y=y'

Note 2. g, linear:
Note 3. g; extended gy (when 4 =0)

Need: ¢>gg(y)+Ac< p(y+ay;) VyeYy &Ael




one-dim extension
due to Helly (1912)

R R
Then (%:go)ﬁ(ﬁ,gl) &Yy Y & (\71,91)6 K

—« max. of (Y5, 9p)
Needc>Ac< p(y+Ay1)-do(y) VAel, yeYy

sMce<p +y1 -do VA>0,vyeVY.

Z

&(2)c=>-p ——— V1 —go v/1<OVer0.
(Note: for 2 =0,9g(Y) < p(Y) VerO holds)
< sup {—p(-x- yl) (x)}<C< mf { (z+y1)-90(2)}

Check x€Yo
Vx,zeYg, = p(=Xx—y1)— 0o (%)< IO(Z+ y1)=90(2)
g

Jo(2)=do(X)<p(z+y1)+ p(-x-y1)
I

go(z-x)

“o(z-X)<p(z-x)<p(z+y1)+p(-x-y1) ~OK

Note: Helly intersection Thm in convex analysis: {a;,b; } in[J & any two have

nonempty intersection

39[3./1,bﬂ]¢@

More generally, {A;} inR" compact, convex, anyn+1

have nonempty intersection
=NA;, #J In this case, a; = =p(—x—Y;)— 9o (X)
A

by = p(X+y1)—00(X)



