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Class 52
Letz":Y, >F > 2" (y+4xy)=4
Then linear functional, z*(y) =0 VyeY & z"(x)=1
Z*

Check: z*

=£, Check:
d

<1
d

(i) Check:

* 1
z (y+/1x0)‘ga-||y+ixo||
Il

4
May assume 2 =0

1
d<—|y+axg =‘
vl

y
fxo”

=z Si

(i) Let {y,} =Y > |[xg—yn|—>d"

2% (X~ Yn) < HZ*H-"XO —¥n|| —>H2*Hd
I
1

Alet

=

. Hahn-Banach Thm = extend z* tox™ e X *

Duality:

X" 20 3IxeX>x (x)£0

X 203X eX 53X (x)=0

(2) X normed space
Letx=0in X

Then3Ix* e X™ > X (X)=|x| & |x*

=1

Note: X Hilbert space = consider ﬁ & x*(y) =<y,ﬁ> vy e X
Pf: LetY ={0} in (1)

Then3z* e X™ 5> 27 (x)=1& |z

-5 d=l

Let X" =|x|-z*
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(3) (D.Lee & P.Y.Wu)
X Banach space
T invertible operator on X
1

Then inf {|[T —S||: S noninvertible on X } = H—l
B

Il
Pf: Let o

(i) "="|T -S| < =5 =S invertible (Ex.4.6.3)

&

.S noninvertible = ||T - S|| >

I

a>
I

(Idea: Find noninv. S, > T -Spy||—> L)
|

Iy
(i) "< - HT —1H —sup
x20 ||
S | I '
:>.'.—=|nf = inf = inf [Ty
™ A v Ivi- £,

3yneX 3 |ypl=1& |Tyn|—

1
I

@=3x3eX" 5 X3 (¥n) =|yn=1& [ =1.

Xn

Let Syx =Tx—Xp (X) Ty, Vxe X
Then Sy, bdd, linear

“Sp¥Yn =TYn _X:(yn)TYn =0&y,=0
|
1

= S,, noninvertible

a <|T = Sp||<|xq

1
[Tall=[Ta] - =
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(4) X normed space
X#zyeX

— x"(2)=
Then3x" e X™ > x"(x) = X" (y)
Note: X Hilbert space = - X y
<=l
Pf. o x—y=0
(2=>3Ix"eX® 5> |x"|=1& x"(x-y)=|x-y|#0
l
X" (x)=x"(y)
(5) x € X normed space
“(x) *
Then x| = sup —— = sup X (x)‘
X*¢0 X X>‘< =1
duality
X (x)
Note: x* e X" = ||x"| = sup = sup x*(x)‘
x20 Xl xj=
P >" X7 (X) s‘x* |l
X" ‘
= sup ——<|X|
X 20 HX
"<" Conversely, for x =0, Ixg e X* > xg(x)=|x| & %[ =1 (by (2))

= sup
X" =0

*

X

(6) X normed space
Y < X subspace, dense < "vx" e X*,x"(y)=0VyeY = x" =0"
Pl:"="VxeX, 3y, €Y >y, >X
= X" (yn) > X (x)
b
= x"(x)=0 Vxe X
"<="Assume Y = X
Let Xo € X\Y. Then inf |y —xo > 0.
yeY

Then (1) = 3x" e X* 5x"(x9)=1 x"(Y)=0
U

X" =0 o<,
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X normed space
xX*eX®, x*£0
~.-kerx*={XGX :x*(x):O};tX
Let xg € X, but xg & ker x*
Then Vx e X, Xx=1z+ AXy, where
zeckerx* & AeF &uniquely, i.e., dim(X /kerx ) =1

Pf: Let 2 =x"(x)/x"(xo)

Then z = x— Axg € ker x*

X" (x
(Reason: X" (z) = x"(x) - ( )-x*(x0)=0)

X" (x0)

Say, z+Axg=0=z2=-AXy=>4=0=12=0
m

ker x*

Geometrical interpretation:

Explanation:

For x* =0, kerx” hyperplane

X normed space

x*eX* x*20,ceR

X =R"

Idea: Consider x* =[ay,...,ay ]

X (X)=C> aXg +..tapXy =C

Def. {x e X :Rex"(x) = c} (hyperplane determined by XT* & %)
slope location
Def. K = X, xgeK, x* #0e X"
{x e X :Rex”(x)=Rex" (xo)} tangent hyperplane to K at x,
(determined by x* & Rex"(Xg))
if Rex"(x)<Rex"(xg) VxeK
X" =[a,b]

Xp = (Xlo + Xzo)

®* (%, %p)
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Ex. X = R?
aX1+bX2 =C
axq +bX2 < axio +bX20 V(Xl,Xz) e K

[al,az]_x1 } =C

L X2
g
. y
f[[ 1 J:c, where f e R%”
X2 |
(7) X normed space
K ={xex:[x|<1), o=
Then 3 tangent hyperplane to K at xg
Pf. - X0 #0
(Q=3x eX® 5 [X[=1&X"(X9)=|x[ =1
LV Xxe K,Rex*(x)s‘x*(x)‘g X*|-[x| <1=Re x" (o) = (x y) X2 +y <1}

- X" &Re X" (Xq) determine the hyperplane tangent to K at X,

Homework:
Sec.4.8: Ex.4.8.4, Ex.4.8.7 (need: Ex.4.8.5 & 4.8.6)



