Class 53
X normed space over F =R or C
Def. (-,-): X x X* — F (outer product)

5 <x,x*>= X" (x)

Then (1) <ax+by,x*> = a<x x*>+b<y,x*>.
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@) <x, ax* + by*> _ a<x, x*>+ b<x, y*> (bilinear)

*

X

(3) Kx x*>

<[

(4)x:0<:><x,x*>=0Vx*eX*

Pf.:" <" by (2) on p.19

(5)x*=0<:><x,x*>:OVXeX

Note: Difference with inner product in Hilbert space:

(Schwarz <)

(2) & (z,ax+by) =a(z,x)+b(z,y) (sesquilinear)
1

S < X, subset

Def. St = {x* e X" :x"(x)=0Vxe S} (ortho. complement of S)

S*gX*

Def. 5"+ = {x eX X" (X)=0Wx" e S*} (ortho. complement of S$*)

Properties:

(1) V'S < X, ST closed subspace of X *
(2) v S* < X*, $** closed subspace of X.

(B)ScTcX=Ttcst

@) S cT cX* =T cs*t

1\t ;
B) VSc X ,(S ) = closed linear span of S

(Let T = losed linear span of S

1 1
SgT:SL;TL:(SL) g(TL) =T, if T is a closed subspace)

* * x| 1 . *
6) VS < X ,(S ) = closed linear span of S

(7) X+ ={0} = X* (by (5) above)
(8) X™ ={0} = X (by (4) above)
) {0} =X

N (by (3). (4), (5), (6))
(10) {0} =X~
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Sec.4.9
Dirichlet problem:

FinduonQcR" 5

n 5%y .
Vu= Y — = 0 on Q (Laplace equation)
j=10x]
u="f onoQ

Thm. When n = 2 & under certain conditions on Q, Green's func. exists.
Pf.: Use Hahn-Banach Thm

(Ex.4.9.2) any solu. u to Dirichlet problem can be expressed as an integral of f & Green's function

Sec.4.10. Reflexive spaces

Spaces: duality theory (Sec.4.8 ~ 4.14): Hahn-Banach Thm
Operators: spectral theory (Chap.5, 6): compact,normal.
Thm. X normed space

X ™ separable = X separable
<

Note: 1. " 2£": 1! separable, but I** =1 nonsep.

2. This says "X ™ larger than X "

It sep. (Ex.3.1.6):

Reason: {(xl,...,xn,o,...) nz1x;'s rational} dense in I
N+ Ng +...=8g +Ng +... =Ny

I*° nonsep. (Ex.3.1.7):

Reason: {(xl,xz,...):xj 's rational} dense in I

NO NO = NONO > ZNO = Nl > NO

Pf.: Let {x:} dense in X *

HX:H: sup x:(x)‘>1Hx:H if x; #0
Ix=2 2
=3Ix e X > [x|=1& [x3(xn)

(In Hilbert space, this means x; & x,, close to each other)

*
Xn

>1
2

Let A= {finite linear combinations of x, with rational coeffi.}
Then A countable
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Check: A= X.
Assume A = X
Cor4.87=3x"#0 > x (y)=0VyeA

{x;ﬁ} dense in X *
* * % .
:>3{xnk} 3 Xp, — X Innorm

k * k
= [Xn, (Xnk )‘: Xny (X”k )_X (X”k )‘S

[0

* *

..E Xnk

% .
= ¥n, — 0 iInnorm

=X =0 5«
Reflexivity:

X > X 5 XxX™
k:x— X

R e, (X5 R)=(xx") vx"eXx”
x(x*)=x*(x) vx e X* < > < >
similar to-inner product

Note: X * always Banach space (by Thm 4.4.4)
Thm. X normed space.

Thenk: X — X™ isometric isom. from X ‘into X ™ & if X Banach space,

then k(X)) is closed in X **

Pf: Check: (1) X bdd linear functional on X * (‘f((x*) <X = 1% < x])-
(2) k linear
@) (%] =[x
< [x|= sup [ ()] = supJ2(x) <[}
N e

1 (p.153, Cor.4.8.6)
(4) kX closed in X ** if X Banach space

Pf: Assume %, —> y in X
“[|Xn = X =[|%0 = Xm|| < & if n,m large
SoXp > Xxin X
=X, = KinX™
ButX, -y
=y=XekX

Another proof: kX = X Banach space = kX closed in X **
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Application:
Thm. X normed space
{Xa} c X

Then {

K" (X )|} bdd VX" € X = {x]} bed
Note: " <" trivial

Pf.: Apply uniform bddness principle to {Ra X F} (-~ X™ Banach space)

Then {

R )‘} bdd VX" € X" = {8} bdd

I |
X (i) X

Def. X normed space is reflexive if k (X )= X"*

(i.e., X = X™ under the natural embedding k)
isometric isom.
Note 1. X reflexive = X Banach space

Note 2. X reflexive = X =~ X ™

Ex. X finite-dim normed space (.. dim X ™ =dim X * jdim X =k:X — X™ 1-1= must be onto)

1ifi= |
Letey,...,e, basis of X. Let xi*(ej):{o other\J/vise
Then x; ,..., X, basis of X*
IP reflexive iff 1< p < oo
co. 11,17, C[a,b] not reflexive
Hilbert spaces are reflexive

Prop 1. X reflexive

Then X separable iff X * separable.
Pf:"="-+ X = X™ separable

= X" separable
" <" proved before.

Prop 2. X,Y normed spaces

Then X =Y

(isometric isom.)

Then X reflexive < Y reflexive
Pf. Omitted



