Class 54
Prop. 3. X reflexive Banach space

Y < X closed subspace

=Y reflexive
Pf.: )r;o )
T
Y k, Y**
UJ *k
Y Yo

Check: k onto = k' onto.
(1) Leto: X" >Y*
a(x*)zx*|Y X e X"
Then o(x"JeY* (o] <)
(2) Let 7:Y™ - x™
(T y**)(x*): y**(ax*) = ¥
Then 7 y* e X™
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Letyg  eY™
Letxg = k‘l(r ys*) e X
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Check: (3) xg €Y & (4)k'(Xg) = Yo
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(3) Assume xg ¢ Y

Hahn-Banach Thm = 3x* e X* 5 x" (%) #0 & x™(Y)=0
U@

o(x)=0
U2

r(y**)(x*)zo Wy ey
U in parti.

o))

U by def. of x,

k(xo)(x*):o

U by def. of k
X*(%g)=0

—<—
Hence xg €Y

(4) Check: (k'xo)(y*): yg*(y*) vy eY®
K 00)(¥7) =¥ (%)
Hahn-Banach = Extend y* to x™ on X preserving norm

y*(X)= X" (Xo)
|| def. of k

k(xo)(x*)

|| def. of xg

Prop. 4 X Banach space

Then X reflexive iff X * reflexive
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Note. Prop. 4 = any one reflexive then all reflexive
Pf."="

k
Check: X — X™* onto
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VX***, X** S F :>X***k€ X*
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Check: x*** = x***k

= X reflexive

X" reflexive
= X™* reflexive (by above " =")

-k (X) closed subspace of X** (- X Banach space)
= k(X)) reflexive

= X reflexive
Def. x,,, x e X
Xn —> X weakly if ™ (x,) — X" (x) vx" e X*
Xn —> X strongly or in norm if |x, — x| — 0
Note.1. X, = X, X, = Yy weakly = x =y (Ex.4.10.1)
Pfvx" e X*, X™ (%) = X" (X)
=X (y)
=X (x)=x"(y) vx e X"
= x =Y (Hahn-Banach Thm)
2. Xy = X stronglyz Xpn —> X weakly

Pf:

x*(xn)—x*(x)‘ SHX*H-”Xn -x| -0 vx" e X"



BRI R R

Ex. Letx, =(0..0,1,0,...) in I?
T

nth
x=(0,0,...)
Then Vyel2,<Xn,Y>= Yn = 0=(x.y)
l

(yl’ yz’---)
i.e., Xp = X weakly

But ||x, ”:/15 vn

0

Riesz: f el® < 3yel? 5 f(x)=(xy) vx* e 12

Note: {x € I2:||x|| =1} is not weakly closed.

{x e I2:||x|| =1} is norm closed.

3. X finite-dim normed space
Thenx,, — x strongly < X, — x weakly (Ex.4.10.3)

X =kX 2 X
4. Weak convergence topology
~.induced from weak top” on X **
In general, not metrizable

weakly sequentially compact <> weakly compact

weakly closed

weak Cauchy

weakly complete.

All defined in terms of sequences (instead of nets)

5. Two topologies are different:
() (Ex.4.10.4) S < X weakly closedzs closed

Pf: X, — X strongly & x, € S
U
Xn —> X weakly
=XeS

Ex.S = {x el? ||| =1} closed, but not weakly closed

(I S < X sequentially compact zweakly sequentially compact (Ex.4.10.5)

(1) X weakly completezcomplete (Ex.4.10.7)
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Thm. X normed space
X, — X weakly

Then (1) {x,} bdd;
(2) x e closed linear span of {x, |;
@) x| <lim]x,

(1) true if x,, — x strongly;

Note: 1 (2) If x, — x strongly, then X € {X, .

(3) says: x — |[x| is lower semi-conti. w.r.t. weak top.

EX. X, = [o,...,o,1,o,...j —> 0 weakly in 12
nth

= o] < lim[xy | =1.
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