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Class 57

Pf. (1) - {x* (X )} conv.= bdd vx* e X*

= {|*a|}} bdd (- unif. bddness principle - X* is Banach space)
(2) Let Y =closed linear span of {x,}
Assume x g Y

Then3Ix" e X* - x"(x)#0 & X" (X,)=0 ¥n 21 (Hahn-Banach Thm)
3
X" (X)=0 -«
Hahn-Banach

\
@ == sup [x" (x)|< lim]x
el

x*(x)

Thm

X reflexive Banach space
K < X weakly sequentially compact < K bdd & weakly closed

Note 1. Generalize: Bolzano-Weierstrass Thmin dim X <oo:
Note 2. X normed space "K bdd, closed < K compact" < dim X < o (cf. p.133)
Note 3. X Banach space, K < X
Then K weakly compact << K weakly sequentially compact.
(Eberlein-Smulian Thm)
Ref. J.B.Conway, ‘A course in functional analysis, 2nd.,p.163. Thm.V.13.1.
Note 4. X Banach space, Then X reflexive

& {xe X :||x| <1} weakly compact
Ref. J.B.Conway, p.132, Thm.V.4.2.

Pf.. " =" (valid ¥V normed space X)
Let K be weakly sequentially compact.
(1) K bdd:
Assume otherwise.
Then vn, 3x, €K > [xy]=n.

K weakly sequentially compact = 3 Xn, > Xp —>XE K weakly
From preceding thm (1), {xnk} bdd

But Hxnk HZ Ng —<
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(2) K weakly closed:
Letx, e K 3 X, — x weakly.
Then 3 Xn, —> Y€ K weakly
Butx, — X
=>x=yeK
. K closed

Let K be bdd & weakly closed.
Let {x,} =K

Check EI{an } converges weakly

LetY =v {X,}
ThenY separable closed subspace of reflexive X

=Y reflexive (Thm 4.10.5)
Y™ =Y separable

= Y* separable (Thm 4.10.1) Let Y. = {x,}
Bolzano-Weierstrass Thm in ‘F =

g ()| <[ xa] badin F
=3 (Xn) convergent

'-"X;(Xn,l)‘ SHXZH-HXMH bddin F

S
X

diagonalization { =3 % (x, , ) convergent

= 3¢ (Xnx ) convergent

Letyy = Xy i subseq. of x,

Check: y, weakly convergent, i.e., X" (yy ) converges vx" e X ™.
(i) Check: z*(yy ) converges Vz* e Y™ (Ex.4.10.2)

"+ Xn (Y ) converges vn

Letz" eY”™

{x;} densein Y *

* *
Z —X

%
..Elxn E} n

|<e
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Z*(Yk)_*(yj)

s\z*(yk)—x?i(yk)\+\XZ(yk)—X?i(yj)\+\X3(yj)‘z*(yi)‘

<

* *
Xp —Z

e R O R () 8 ey A
<&M +‘x;(yk)—x:(yj)‘+g-M

.. small for large k, |

.. Cauchy

= 7" (yg ) converges

(ii) Check: 3yez > 2*(yx) >z (y) V2 eY”

Yy (z*) converges Vz* eY*

Thm.452=3y"eY™> QK(Z*)—> y**(z*) vzt eY”®

l I
(i.e., unif. bddness principle) z* (yk) z*(y) (Y reflexive = y** =y forsomeyeY)

(iii) Check: X" (yx ) > X" (y) vx" e X™
Letz" = x"|y
2 (Y )= 2 () Sie, v — y weakly . K weakly closed = y e K

Il Il
X“(yk)  X"(y)



