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Class 58
Sec.4.11. Topology

X, top. spaces
Let X =TI X,

a

Then x, = {x, (@)} > x={x(a)} < X, (@) > x(a) Va
Tychonoff Thm: X compact < X, compact Ve«
Pf.."="easy (Ex.4.11.4)
"<«<" Use Zor'ns Lemma
Note: Not counterintuitive because product top. definition
-+ open set few
= open covering has finite covering

Sec.4.12 Weak Topology in X *(= Top. vector space, not normed space)
(weak-* top)

X: norm (strong) top., weak top.
X*: norm top., weak-* top.

Def. x5 — X in norm if Hx;k = X*H — 0 (unif. conv.)

Def. x; — x* weak-* if Vxe X,

Xn (X)— X" (x)‘ —> 0 (pointwise conv.)

X normed space

N (x*;xl,...,xn;g)

vx" e X ¥, IetW(x*)z {y*:

y*(xi)—x*(xi)‘<g Vi<i<n: X € X}

7

VX e X, associate one F

Then IT F product top. < weak top. on X *
xe X

v/
Y =X* — Y linearin indices
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Note 1. x; — X~ weakly in X*
@andofx*,w(x*), AN > n>N=x, eW(x*)
)

& Ve>0,V%, Xy e X, AN 5 n>N = xﬁ(xi)—x*(xi)‘«s for1<i<m

S Xp (X) > X" (x) Vxe X

Note 2. x5 — x* innorm= x5 — x* weakly
&+

Pf.. Xn = X"[|-[|x]| = 0 ¥x e X

x:(x)—x*(x)‘s

Ex. X =12

Let x; (Xgseer X)) = X, D21

Then x; -0

(Reason: Vx €12, X (X) = X, — 0)

But HX;H =150

i.e., x; -0 in norm
Note 3. "x5 — x* weak-=*" means "pointwise conv."

"Xp — X" in'norm" means "unif. conv."

Note 4. dim X <o, x5, X" e X"

Then x; — x* in norm & x; — x* weak-* (Ex.)
Alaoglu Thm: (<> Thm.4.10.8)
X normed space, over F

ThenBz{f*eX*: £

< 1} is weak- * compact

Note: Generalizes Bolzano-Weierstrass Thm in dim X < co; not true for norm top.
[-ILIN] if F =R

{zeCiz<|x|} if F=C

Letl = II I, compact
xeX

Pf.. vxe X, letl, —{
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Define %1 {17 (x)} = f*
™ m
B |
weak-* top.  product top.
(] 00 <] £ I < )
Then 1-1, & both conti.
T T
S iy o 7 weak+ < fy (x) > 7(X) vxe X
fl = fz = fl*(X)Z fz*(X) VX 3
R L 00 > {17 ()]
fi =1 i 1
fy f*




