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Class 59

Letl':{f*: f*eB}gI

Check: |' compact (=B=1")

Check: I closed (.- closed subset of compact | is compact)
Let e [E

Check: 3fg eB > n=fg

Let fg : X — F be > fg (X)=ny

3 ﬂ: — 17 in product top.
= fo (X) > 1y Vxe X

(i) Check: fy linear

ﬂ,lX;(Xl) —)ﬂlﬂx * * * *
« ! —>/11Xn(xl)+/12Xn(X2)—>/1177X1+/1277x2 :ﬂlfo (X1)+12f0 (Xz)
ApXn (X2 )= Aotigo
X;(/11X1+/12X2)—>7711x1+/12x2 = fo (Aaxq + Ap%p)
(i) Check: | 15 <1:|fg (x)| =lmd <I¥| (:neT'c =5 B

(iiii) Check: f, =7
g = {15 ()} = {n =7
=>nel'
s 1'=1"isclosed

Thm. 4.12.3. Note: This is for general K insteady of ball

X separable normed space

Then the following are equiv.: (1) K < X* weakly sequen. compact;
(2) K bdd & weakly closed;
(3) K weakly compact.

Note: Generalize Bolzano-Weierstiass thm for dim X < oo.

Pf.. (1) = (2) as before for any normed space

(2) = (3) by Alaoglu thm & for any normed space
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(3) = (1): Let {y,} densein X
Consider {K ~N (z*; Vi r+++ Vi, lj} nbd base at z* € K
m

-+ countable
.. K first countable (i.e. countable nbd base at each point of K)
. K weakly compact = weakly sequentially compact
Homework:
Sec.4.12, Ex.2,5
(Thm. 4.11.5)
Note: More generally, X first countable top. space, K < X
Then K compact = K sequentially compact



