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Class6
Section 1.7. Metric space
X set
Def. p: X x X — R isa metric if Then (X,p) metric space.
@) p(x,y)20
(2) p(x,y)=0 < x=y
3) p(x,y)=p(y.X) (symmetry)
(4) p(x,¥) < p(X,¥)+ p(y,2) (AS).

Def.1. A,Bc X | Q/@O

AC) p(C) p(C,B
p(AB)=inf,_, s p(x,Y). (distance between A&B). PIAC) p(C) p(C.B)

Def.2. Ac X, xe X
pXx,A)=inf,_, p(X, y)
Def3. Ac X
d(A) =sup, yea P(XY) (diameter of A)
Def. Ac X is bdd if d(A)<oo.
Note.1. For A,B,C < X, p(A,B)< p(A,C)+ p(C,B)+d(C)
(1)&(3) hold, but not (2)
Note.2. p(A,B) < p(A X)+ p(x,B)
Note.3. p(X,y) £ p(x, A)+ p(Ay)

Topological concepts:
open set, closed set,
interior, accumulation pt., closure (for an arbitrary set)
convergent sequence, limit, Cauchy seq.
Def. Metric space (X,p) is complete if every Cauchy seq. converges.
Def. B = o-algebra generated by open sets of X
= o-ring generated by open sets of X
= o-ring generated by closed sets of X
Borel sets — contains open sets, closed sets etc.

Homework: 1.7.8

Relating measure to metric:
Sec.1.8. (X,p)metric space
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u” outer measure on X
Def. u” metric outer measure if A, B X 5 p(A,B)>0
=u"(AUB)=u"(A)+u"(B).

—
Note: p(A,B) >0 <£ANB =g

Lma. (Regularity of metric outer measure)

u” metric outer measure
Ac B, B open

LetAh:{XEA: p(x,BC)zi} forn>1. A
n

22

Then limu’(A,)=u"(A) B®

Note: In general, u™ not conti. (unlike finite measure)
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- lim u"(A) <u"(A)
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Conversgly, Vye Ac B, IN,(y)c B (- B open)
= p(y,BY)>¢

Letn>1
&

Syeh (0 p(yB e
:>ye\nJA]
~ATA
LetG,=A, \A, forn>1.

A=A U( SGZK) U ( SGzM) (disj. union not applicable)
k=n k=n
= U (A) < U*(AZn) + kZ U*(sz)+ kZ U*(sz+1)
=n =n
Check: S U (Gy) & 3 4 (Gye,y) coONverge
k=1 k=1

(=" @ <lim u*(A,,) =limu’(A,) =4 &)

Check: 3 u"(G,,) converges.
k=1
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1
wxeG, =X = p(X,B°)>——
€ Lk € Aps = p( ) k11

y€Gyy =Y & Ay = p(x,B°) <

2k +2
p(%y) 2 p(x,BS)— p(y,B) 22— g
2k+1 2k+2
1 1
= PGy Gprg) > = =50

2k+1 2k+2

n-1
wAD A, D kulGZk \

S U (A 20 () 207 (5805 UGy
= U"(A) 2 lim u”(Ay,) 2 lim u™(A,,) 2 X" (Gy)
k
()X u" (G, ) converges
k

or (ii)Zu"(G,,) diverges = u" (A)=limu’ (A, )=
k



