BRI R R
Class 60

Sec. 4.13. Adjoint operators
Def. X,Y normed spaces
T: X —Y operator (bdd, linear)

LetT*:Y* > X" be > (T*y*)(x)z y (Tx) Vy" eY" xe X
(Note: In Hilbert spaces, <T*y*,x>=<y*,Tx>)
Ex.T=[a;]|=T"=[aj]
Note: (1). T*y* e X*
| Reason: (T*y*)(ax1+bx2)=a(T*y*)(xl)er(T*y*)(xz)
(v o=y oo <[y | -1
=<l

(2). T*:Y* > X" (bdd, linear) operator.

y*

<

y*

Reason: T* (ayf +by§) =aT*y; +bT"y5

& |T*|| <[]l (from (1)).

Prop. (1) T T :B(X,Y)— B(Y*, X*): linear & contractive (i.e., HT*HSHT”)
Reason: (aT; +bT,)" =aT;" +bTy

& |T*

<|T| (from (1))
Note. (4) = HT*H -7
(2) X,Y,Z normed spaces
T eB(X,Y),SeB(Y,Z)=ST €B(X,Z)
T* e B(Y*, x*),s* < B(Z*,Y*):T*S* - B(z*, x*)
Then (ST) =T"S”
Pf: Routine check.
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(3) I : X = X identity
Then (IX): Ix*

Pf: (I*y*)(x)z y (IX)=y"(x) VxeX (T*y*)x: y" (Tx)

= 1"y =y* vy e X”

X Y
* * T
=1 =lonX X Tx
*

(4) T**: X™ Y™ is an extension of T on X

X v*

Pf.: LetR e X A Q T Q )
Check: T (%) =T (%) e Y™ - .
Lety* eY™ @ T @
Check: (T**(f())(y*):f(i)(y*) ) ** K

||(def. of T**) ||(def. of T) T
TX=Tx Vx e X

)A((T*y*A) (TX)(yﬁ:) f((x*):x*(x) e XK e X
||(def. of £ ||(def. of Tx)

(Ty*)00 v mo
|(def. of T7)
y*(Tx)

ON il
Pt ||T||:H'|:H% T > Ny
@ (1
==l

(6) X reflexive=T** =T

(7) T invertible in B(X,Y )< T invertible in B(Y*,X*) if X Banach space.

Moreover, (T ‘1)* = (T* )_1




Pf.:

BB B

=

. -1 -1
STT =y &T T =1y
*

(2):(T_1)*T* =(Iy) =1y &THTTY) =(1x) =1y
— T invertible with inverse (T‘l)*.

<
-+ T* invertible in B(Y*,X*)

= T™ invertible in B(X**,Y**)

Note: In general, restriction may not be onto.
&T 1-1|Ex.f:Z—>Z5 f(n)=n+11-1 &onto.
Then f [N is 1-1, but not onto.

Check: T : X — Y_onto.

X —>
Assume A()Z);t\f

~ A

Check:T()Z);tY

Reason: '.'f()z)=T**(>2)=T**()Z)=f(>2)¢\f

=T ( X ) closed.

Reason: T** invertible & X closed in X ** (.- X Banach space)

P T**%, =y, where &, e X

—1 3
=y=T" (T** yjeT**X

=1 ~ =1
=% —>T™ yeX (~~T™ bdd by open mapping thm)

—TX #Y

Hahn-Banach=3y* eY*5y* 20 & y* (TXU) =1{0}
(T*y") ) ={o}
ie, Ty" =0
=y =0 5«
(T inv)

~ T invertible

=T invertible

X normed space, Ac X subset

Def. ALz{x*eX*:x*(x)=OVXeA}

(orthogonal complement of A)

B < X™ subset
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Def. B+ Z{XE X:x*(x)=0Vx"e B}
(orthogonal complement of B)
Properties:
(1) At closed subspace of X *
B closed subspace of X
(2) X+ ={0}: trivial
X*% ={0}: Hahn-Banach Thm,
(3) {0} = X*: trivial
T
in X
@) {0} =X trivial
T
inX*
5) At = spanA (Ex)
(6) B = spanB (Ex)

(7) T eB(X,Y)=ranT =kerT™*
Note; T*:Y* > X*
kerT Y™

.'.(kerT”‘)L Y

Pf."c":

Lety eranT
Then3 x, € X 3 Txyg =y

Let y* ekerT™ ie, T'y" =0
Check: y*(y)=0
T

y*(Txn)=(T*y*)(xn)=o

Lety ¢ ranT
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Hahn-Banach Thm = 3y" eY* 5 y*(y)#0 & y” (W) =0
U
=y (Tx)=0 vxe X
I

(T*y*)(x)
=Ty =0
=y eckerT"

= yegkerT*t



