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Class 61

(8) T* 1-1=T dense range (Ex.4.13.3 (b))

Meaning: the existence & uniqueness of solu. of Tx=y & T*y* = x™ are related.

|:a b:| 2
Ex. T = onl
cd
: {ax1+bx2 R has solu {Xl} v{yl}
Cxq +dXy =Y X2 Y2

ﬁxl +EX2 =¥ X1 . . .
ST o solu unique (if exist)
le + dX2 =Y X2

(9) In general, ranT * < ker T+
+

Pf.: Letx* e ranT”
Sy eY Ty > xin ||

Check: Vx ekerT, x"(x)=0
T

(T"0)(x)
Il
Yn (TX)=0
(10) T* dense range =T 1-1
\
Pf.. ~-ranT" = X" g(kerT)L

:>(kerT)l =X*

= (kerT )" = x*L?{o} =T isl-1
[
kerT by (5) needs Hahn-Banach Thm

(11) (Banach's closed range thm)
X,Y Banach spaces, Te B(X,Y).
Then ranT closed < ranT™ closed.

Moreover, in this case, ranT* = ker T+
Lma. X,Y Banach spaces, Te B(X,Y)

If ranT closed, then 3K >05V yeranT, 3xe X >3Tx=y & x| <K-|y]
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Idea: Inverse mapping thm.
Meaning: If T 1-1, then T : X — ranT 1-1, onto, conti. & both Banach spaces

.. Inverse mapping thm =T~ ranT — X conti.
=ty < vl
Pf.. -~ T: X —ranT onto, linear, bdd & ranT Banach space
(%)=Tx
-+ T X /kerT — ranT 1-1 onto, bgd

t

||T”X||
||T (x+ x1)|| <ITIFx+x) Vi ekerT

= [ < [Tl |%]

I
™

=TIl

— T :ranT — X /kerT bdd (by Inverse mapping thm)

~.For y eranT, “f_ly“ﬁ“f_l“'||y||
I

Tx for some x  ||¥|

inf {||x +27]:ze kerT}

~3zekerT s+ 2 <([F2Iy]) 4]yl (May assume y =)

s x+z) < (Hf_lu+1)-||y||, where T (x+2)=Tx=1y.

Pf. of (11). "=": Check: ranT* = ker T+

"™ ranT* cranT *ckerT+ by(9)
Check: " 2" (need open-mapping thm & Hahn-Banach thm)

Letx* e ker T+
Define y* ‘ranT > F by y*(Tx) = x*(x) vxe X
1) y* well-defined:
Check: Txg =Txp = X" (%) = X" (X2
T(x%-%)=0
U

X —Xp ekerT

X" (% —%)=0
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2 y* linear

(3)y" bdd:
Lma= VyeranT,3xe X >Tx=y &|x|<K-|y]|.
Y O|=[y" mof=p o] < |- vl

=[xl

Hahn-Banach Thm = extend y* toY > H y* preserved
y* eY”
~.Check: T*y" =x*
Check: (T*y*)(x) =X"(x) Vxe X
|
Y (Tx)
ranT® = (kerT)L is closed.
"<" by Ex.4.13.5
Cor. ranT closed
ThenT 1-1< T onto. (i.e. uniqueness of Tx = y < existence of T*y" = x*)
Note: [Tx| > & x| for some 5>0 & Vx = ranT closed.
Pf.: Say, Tx, — Y
Then [Ty —TXm|| = 8||Xq = X
= {x,} Cauchy
Say, X, = X
=TXx, > TX
sy=TxeranT
= ranT closed

Homework:
Sec. 4.13. EX. 4,5

Sec. 4.14. Conjugate space of LP :
(F.Riesz, 1918)

Thm. (X,Q,u) (positive) measure space, 1< p < o, 1+1 =1l(=1l<g<m).

Then LP (u)* = L9(u)

isometric
isomorphic
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P (1) g € L%(X,u), ¥ () =] fodu defines a bdd linear functional on LP (X, u) & |5 |<]lal, -

9
Pf.c xg linearinf. (i.e. xq (1 fy +ap fp) = onxg (1) + X (f2))
Holder's< = | fgdu |<| f ”p -||g||q
|

% (1)
| <lly
() X291+ﬂ92 - “Xal +'BX;2

Check: g - Xg is onto.

(cf. J.B.Conway, A course in functional analysis, Appen. B)

(3) VX" e LP(X,u)", 3geH(X,u)>x" =xg & [x" =al,

(1) Assume u( X ) < oo
WeQ, y € LP
Define v(V)=x" () eF
Check: (1) v(@)=x"(xz)=x"(0)=0
(2) v countably additive:

Let {V,,} disjoint in
Check: u(knjvnj = %U(Vn)
I I
rn ) 2 ()
-+ X" conti.
Check: % 2 = 2, in LP

k=1
p

0
2,

k=n+1

e J'X

=n+1 k=n+1

du:jk§ 2V du = %O‘, u(Vk)?Oasn—>O

n

Zu(vn)_u{

n

Uvn]<00
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.. v (signed) measure
Moreover, u(V)=0= », =0ae. =ov(V)=x"(z )=x"(0)=0.
Lo<<u

- Radon-Nikodym Thm =3 meas.g > v(V)=}, gdu WeQ
[ I

X" (zv) [avodu
In parti.,, V=X = ¢ integrable on X = g finite a.e.

= x"(f)=] fgdu V simple f.



