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(8)  1-1  dense range (Ex.4.13.3 (b))

Meaning: the existence & uniqueness of solu. of  &  are related.
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 (9) In general, ran  ker T

       Pf.: Let  ran
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(10)  dense range  1-1

Pf.: ran ker
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      ker 0  is 1-1

            ker  by (5) needs Hahn-Banach Thm
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(11) (Banach's closed range thm)

        ,  Banach spaces, T , .

        Then ran  closed ran  closed.

        Moreover, in this case, ran ker
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Idea: Inverse mapping thm.

Meaning: If  1-1, then : ran  1-1, onto, conti. & both Banach spaces

                              Inverse mapping thm : ran  conti. 
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Pf.: : ran  onto, linear, bdd & ran  Banach space

           

       : / ker ran  1-1 onto, bdd

      ker
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        : ran / ker  bdd (by Inverse mapping thm)

       For ran ,  
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                         inf : ker
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Pf. of (11). " ": Check: ran ker

                   " ": ran ran ker  by(9)

                    Check: " " (need open-mapping thm & Hahn-Banach thm)
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                    (2)  linear

                    (3)  bdd:

                         Lma ran ,   & .
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                         Hahn-Banach Thm extend  to  preserved
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                         ran ker  is closed.

                   " ": by Ex.4.13.5

Cor. ran  closed

        Then  1-1  onto. (i.e. uniqueness of  existence 
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        Note:  for some >0 & ran  closed. 

Pf.: Say, 

      Then 

       Cauchy

       Say, 

      

      ran

      ran  closed

Homework:

     Sec. 
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4.13. Ex. 4,5
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Sec. 4.14. Conjugate space of :

        (F.Riesz, 1918)

1 1
Thm. ( , , ) (positive) measure space, 1 ,  1 ( 1 ).
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Pf.: (1) , , du defines a bdd linear functional on ,  & .

       Pf.:  linear in . (i.e. )

              Holder's   du 
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       (2) 

             Check:  is onto.

             (cf. J.B.Conway, A course in functional analysis, Appen.
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                (signed) measure

          Moreover, 0 0 a.e. 0 0.

         

         Radon-Nikodym Thm  meas.    
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           In parti.,  integrable on X  finite a.e.
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