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Class 63
(I X arbitraty

LetEc X > u(E)<oo.

Consider measure space (E, Qg, ug)
where Qg ={AeQ: Ac E}
(ug)(A)=u(A) forAeQg

~.Consider LP (ug)c LP(X,u)

{feLP(X,u):f=00nx\E},

Letx*eLp(X,u)*

Consider Xg : LP (ug ) > F : restriction of x" to LP (ug).

E3

Then xg linear & HXEHS‘ X

. xg e LP (ug)’

. From (1), 3gg € L9 (ug ) > xg (f ) =Jg fgedu vf e L'O(uE):>||gE||q :HXEHSH X*H
Let e ={E < X :u(E) <o}

LetD,Eee¢.

Then LP (up~g ) =LP (up ) LP (ug)

XDAE = XD ‘Lp(quE): XE"—p (UpnE)

= 0p~e =9p =YE ae. [u] on DN E (by uniqueness of g on D N E).

_ e (x) if xeE for some E e ¢.
. Define g (x) = 0 fxe U E

Eee
In parti., gg = Xg 0.
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(2) Check: g measurable
Motivation: & may be uncountable = change to countable

Let a:s.up{||gE||g| ‘Ee g} < HX*H

:H{En}ggaugEn “q - 0.

-.-DgEeg:>||gD||p= Xp| < [Xg =||gE||q.
May assume E,, T .
Let G = UE,,.
n
LetEee>EnG=9
q q q q
Then HgEuEn q:J‘gEuEn =f|gE|q+I‘gEn =||§1E||2+HQEn ] —[gely+o < of
oa
o4
q q
+|oeug, | [9el” +|oe,
l I
XEUE, |9|q =XE |g|q T XE, |9|GI
= loely =0
=g=00nE

=g=00nX\G=[U{E:Ees,ENG=@}|U(X\U{E:Eeg}).
() -9, =xe,9 > 2c9=9
g, Meas.= g meas.
0 g
: -
'-'(IQEH J T(j|g|t1)q (MCT)
I I
o
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(3) Check: x" (f)=]fg VfelLP
Letf e LP
w{xeX:f(x)=0} is o-finite (by p.47, Ex.2.6.2)
I
uDy, where D, es &D,, T
n

o, f = xup, f="finlP (DCT)
n

:x*(;(an)—>x*(f)
Il
X', (ZDn f)
Il
IDn fap,
Io, yg g (DCT)

=x"(f)=]fg vf eLP

(4) Check: ||g||q =[x"

HX*HS”g”q in general for x" (f )= fg

@= o], <[
Cor. (X,u) measure space, 1< p <o
Then LP (X, u) reflexive.

Pf.: (cf. p.180)

Note 1. Let X ={1,2,3,...} (Ex4.14.4)
Q=2%
u= counting measure.
Then LP (X,u)=1P

@) (1P) =19 if 1< D<o silg
) p q

)

X" <—>(771,772,...)

* 0
3 X (xl,xz,...):_zlnixi
1=

(2) 1P reflexive.
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Note 2. (Ex.4.14.5)
X ={1,2,..,n}
Q=2%
u= counting measure

Then LP (X,u)=R"

@) (RO JH,) =(R™H,) if1< p<oo

@ (R" ) reflexive ¥ 1< p <o

Thm. (X,u) o-finite measure space.

Then L}(X,u)" =L (X,u)
w \%

*

X ©. g
|
x*(f)=] fgdu vf e Ll(X,u)
(as in the proof of preceding thm.)

Note: Not true if X not o-finite.
Ex. May even let X = {1} ,u(X)=oo,u()=0
Q={J, X}

)*z L9 (u)=1{0} holds for 1< p <
{0} £ R =L*(u)

But Ll(u)* =

Pf.: (D u(X)<oo:

*

X

*

Check:geL” & ||g||, < X

. i.e., Check: u({x e X :|g(x)| >

)

(ii) For £ >0, |etA={X€ X :|g(x)|>Hx*H+g}

Check:u(A):O(:u{XeX:|g(x)|> X" X"

})S%U{XEX o (%)) >

+1}) =0).
n

Letf :xEth|g—|,where = ={Xe X :|g(x)|£t} fort>0.
Check: f e Lt

g
"'||f||1=”f|=IEth%= U(EtﬁA)<oo
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'-’IITQ :fEth|gg|'9 :fEth|g|2(HX*H+5)U(Et NA)
X“(f)
A
x|l
l
Hx* Uu(E N A)

Lett > o0
u(A)z (x| +2)-u(a)
=Uu(A)=0

Then follow as before.

*
X

(I X o-finite:
Note: ess. sup. ‘gEuEn‘;tess. sup. |gE|+ess. sup. ‘gEn‘- for arbitrary X

LetX =UE,, whereE, e e &E, T
n

gg, (x) ifx<E, forsomen

As before, define g (x) ={ & HgEn HOO < HX*H

0 otherwise
(1) - 9e, = 26,9 T 7x9=9
" gg, Meas.= g meas.

& ol =sup|se, |, <[]

[x-ye)

(2), (3), (4) as before.
Note 1. X = {1 n},u = counting measure = Ll(X,u) reflexive (Need-proof)
Note 2. Ll(X ,u) not reflexive for X =L N u = Lebesgue measure.
Pf: - L}(X,u) sep. (cf. Ex.3.2.2)
L (X,u) notsep.= L (X,u)" not sep.
= Ll(X ,u) not reflexive
Note 3. (Il) =%
X* <~ (771,772,...)

* o0
X (xl,xz,...)z_zlnixi
=

Note 4. 11 not reflexive



