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Class 64

Thm. C[0,1]" = NBV =BV, (Normalized & bdd variation) (Riesz, 1909)

*

X" <> o (isometric isomorphism)
X" (f)=[ fdgo Vf €C[0,1]
Motivation:
Def. BV ={g on [0,1] of bdd variation} (cf. p.54) & V (g) = total variation of g =

n
sup _Zl|g(xi)—g(xi_1)|: ﬁ <X << Xy =1
i=
X

Then g = g; — g,, where g3, g, T on [0,1] (cf. p.54, Ex.2.8.3)
g, ((ab])=gi (b)-gi (a), i =1,2
-.extended to Lebesgue-Stieljes measure Ug. i=12
-] fdgj,i=12, defined
.. fdg,defined = [ fdg; —[ fdg,
Def. "~"in BV: g ~ h if [§ fdg = fdh vf eC[0,1], equiv,
3 constant ¢ > g (x) =h(x)+c (Ex.4.14.3) for all x except when g or h is disconti. at
Then "~" equivalence relation.

g ° T 9

Let BV ={[g]: g BV} : .
Let |[g]| = h|€r1[1;J ]v (h) ./§/© o«
Then (BVy, ) normed space Q/

Consider the representative gg €[g]> ° | j/o i
| !
(1) 90(0)=0; . ' !

0 1 0 1
(2) go right conti..on [0,1);
(3) gg left conti. att =1.
Def. NBV ={go}
Then NBV normed space under |[go||=V (go)
Note: g of bdd variation
= g(x+),9(x—) exist ¥x
& g has only countable jump. disconti.
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Thm. X locally compact, top. space (Ex. X =[0,1], {1,2,...,n}, {1,2,..}, R)
CO(X):{f :X - Rconti. & V& >0, {x:|f (x) 2 ¢ compact}
Then Cp (X )* = M (X ) = {regular Borel signed measures on X }

Def. u >0 is regular Borel if
(1) VK < X compact, u(K) < o,

(2) VE Borel, u(E) =sup{u(K):K < E compact},
(3) VE Borel, u(E) =inf {u(U):U = E open}.
Def. u signed Borel is regular if

ul(E) = sup{% ‘u(Ei )‘ {E; }in_l Borel decomp. of E} (E Borel) is regular
=1 -

1], =sup{|f(x)|: xe X} forf e Cy(X)
Jull = ul(X)

X" o u

X“(f)=[y fdu vV feCy(X)

Cor. 1.X ={1,2,...,n}

Then (R” g )* = (Rn ””1)

Cor.2.co* = It

Let X ={1,2,3,...} locally compact top. space.
Co(X)={(*%a): % >0} =¢g

M(X)=T

X ecgt o (Yn)2 X" ((xn)):%xn.yn

Cor.3. X =R

X—>Fo0

ThenCO(R):{f:R—>Rconti., lim f(x)=0

&Co(R) =M (R)

Ref. J. B. Conway, A course in functional analysis, 2nd ed., p.383
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Thm.1. vx* eC[0,1]" 3 g eBV > x*(f)=[5 fdg vf eC[0,1] & |x

(9)-

Motivation:
Pf.: | Then x* (Z[o,x]) =[Jdg=g(x)-g(0)=g
Difficulty: X0.x] % C[0,1]

~. Hahn- Banach Thm = x* extended to ® € L (0,1)

() (Z[O,X]) VX e [0,1]

Check: (1) g e BV &V (g)<||x

Define g(x) =

Consider 0= Xg<¥ <...<Xy_1 <Xp =1

%|g(xi )-9(%i)|= zi;gi (9(%)-9(x1)). where |&|=1vi
24 (2 (Xox1)- (X011

q{iz ["1"]J ]

<fel;

Zi:gi ' X[Xi—lvxi]

*

X

1 i

) x* (f) =[5 fdg.vf eC[0,1]
Letf eC[0,1].

o o |
Letf, (t)= kzl f (ﬂ(z[o, “] —Z[o,kn—l]j +
wfy— fin|{ (- f unif. conti. on [0,1])
= o(f,)>o(f)
l [

&

jé fdg (Riemann-Stieltjes integral)
:»x*(f)zjgfdg
<V(9):
\ 70| <111, Jog| o @) -9 0) <1l v (9)-
<V(9).

\4i eC[O,l]

S|oeEaq——-:—-.
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Thm. 2. C[0,1]" = BV,
isometric isom.
X" < [g]
X“(f)=]5fdg vf eC[0,1].
Pf.: V[ g], define xfy () =5 fdg vf eC[0.1].
Then, (1) well-defined, & fo‘g]u <V(g) vge[g] (Thm1(3))

=@ |yl <llal

@) [9]—~ x[*g] linear

(4) onto

Thm.1. = vx*,3g >x*(f) =[5 fdg & [x*| =V (9)

Consider [g].
(5) isometric:

Then |[x*

=V (9)2|[g]|- Conclusion: BV, =C[0,1]°

Let go €[g] be a normalization of [g]
Lma.

If g € BV [0,1],3 1 gg normalized > g ~ {gg}. Moreover, V (go) =V (9).
Pf.: cf. pp.183~184

Let NBV ={gg}
Define |go| =V (90)-
Then (NBV||||) normed space
Lma. (NBV )= (BVo )
isometric isomorphism
go <>[9]
Pf.: - |90 =V (g0) 2[[g]|
Check: [lgo] <[[¢]]
i.e. Check: V (gg)<V (9) Vg~ go
(cf. p.184)
(Motivation: Look at graphs of g & gg)

Homework:
Sec. 4.14 Ex.6



