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Class 66

=y (y) conv. ¥y e TX (cf. Ex.4.12.1)

PF .o.‘y;(y)_yr’;(y)‘S‘y;(y)—yﬁ(a)Hyﬁ(a)—y§~.(a)‘+‘yr?(a)—y;~.(Y)‘

*
< Ym

Yn

y=al+|ya ()= vin (2)] |yin[ -l ]

(3) Letxg =T"(vn) e X
Check: x, conv. strongly.
xﬁ(x):T*(y";)(x)?y"; (Tx) conv. ¥x e X
(def. of adjoint)

(Need: X Banach space)

Thm.45.2.=3x" e X" 5 x5 (x) > X" (x) ¥xe X (= X" Banach space)
- * *
i.e. Xy = X weakly

Check: x5 — x* strongly
(4) Assume otherwise

Then37>0& X 3

Xn —x*Hzn vn

1
>0

Letx, € X be > |x,[=1 & 5

* *
Xy — X

Xn (xn)—x*(xn)‘ 2%
I |
T*(y;)(xn) 'LTXE(Xn)
I [

Yo (TXq ) lim Ym (T%)

[ %n]|=1 & T compact
=3 Txnj — Yp, say

Ve>0,3N>n>N :>HTxnj —y0H<g.
On the other hand, yy e TX = y'g (Yo) conv.

Sn>2N=> <&

y;(yo)—limmyr"h(yo)
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‘ya (Txnj )— Iin:n Ym (Txnj )‘

<|¥g (Txn,. )—ya (yo)‘+ Yg (yo)—linrp ym (Yo)
<M-e+e+N-e—>0 ase—>0

1
X

J’_

lim i (o) ~lim v (T )
m m

—><—‘y3 (Txn)—li;n Y (T )[2

"<«<": (Idea: Restriction of compact operator is compact)
Assume T* compact.

k3
X T**
By "=", T compact \ /
Let {x,} < X beld @ T @
Check: Tx,, conv.inY in norm. X

{Qn} < X™ bdd & T** compact

:>T”°’<>A<ni conv. in norm. (Note:T™ : X ** - Y™).
I
Tx,, (T extension of T)
~Y Banach space =Y closed

= Ty, conv. (toalimitinY) in norm.
Homework:

Sec.5.1
Ex.2,5,7,8

Sec.5.2. Fredholm-Riesz-Schauder Theory

X Banach space; T on X compact, 4 =0
Idea:

Al =T behaves like operator on finite-dim space.
Lma.1l. T compacton X, A #0

= ker (A1 —T) finite-dim subspace of X
Pf.. - ker(Al1 —T) closed subspace of X.= ker(M —T) Banach space
Let {x,} bdd seq. < ker(A1-T)
Check: 3 convergent subseq. (cf .p.133, Thm.4.3.3) = dim ker(Al -T) <o

- T compact

= EITxnj conv. in norm

[
}txnj

= Xp; CONV. in norm



EEiv e e e R

Note 1. T compact, A = 0= ker(/ll —T*) finite-dim.

Reason: T compact = T* compact
Then apply Lma. 1
Note 2. Not true if A =0

Ex. Let T =0 on 12

Then kerT =12 has infinite-dim.

Lma.2. T, 4 as above.
Thenran(Al —T) closed.
Pf.: Let {y,} cran(A1-T)>y, > yo in|.
Check: yg eran(A1-T)
" Yp = (A1 =T)x, forsomex, € X.
(*) Check: 3bdd {z,}= X, 3y, =(41-T)z,.



