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Class 67
Then T compact = 3 Tz, conv.

" Yn =Azy —Tzp conv.

= Az, conv.
=z, CONV., say, t0 Xg
S Yn =AZy — Tz,
\ 1 1
Yo iXO TXO
= Yo =(A1-T)xg eran(Al -T).

Pf. of (x): Consider X \ker (A1 -T)={X:xe X}
Let ||%, | =inf {|x,—y|:y eker (41 -T)| ‘
Check: {|[%,]|} bdd

Assume otherwise. v
inj —s oo (unbdd) ‘.

.'.EIXnj 3
- an i 1 .
Lety,. = =|Yn. = Xnfl=1
Il ‘ j % j
nj &
=3vjeker(A=T)>|y, —v;[ <2 (bdd)
IIII

{.‘T compact
3.3 ij 9ijk conv. in norm
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(M—T)(xn_ ) Yn. = Yo
(%) '-'(;“ _'|')wjk =(}LI _T)(y”jk —vjk): - k) _ g ik -0
Xnj U e

- From (%), wj, conv., say, tow

T
v Awg —Twj —0

+ Tw i conv.

ﬂwjk conv.:>wjk conv.

L= TWik —>Tw

(+#) = (A-T)wj, —> (A1 -T)w, i.e, weker(Al-T).
U
|=0

N
g [
But ynjk H =1
|
|3

=|W=1" -«

Say, |[%,[|<C vn
-3 up eker(T—A1)5|x, —up||<C+1

ll

Zn
2 {zn} bdd & yp =(A1 =T )X, =(A1 =T )z, proving (x).
Note 1. Not true if 2.=0.
Ex. Let T:12 =12 aT(xl,xz,...):(xl,%xz,%x&...)

1

Then T, — T in ||-||,(-.- IT=Tal= 1~ 0)

where T, (X, Xp,...) =(x1,%x2,...,%xn,0,...) finite rank = compact

=T compact

But T 1-1, dense range.

If ranT closed, then ranT = 12

But (1,1,1,...jel2 \ranT —«
23

Note 2: T compact, 4 =0 = ran (/H —T*) closed
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Let X,T,4 =0 be as before.
Let N} =ker(A1 -T)" forn>1.
Note 1. N7 = N§*1 wn

2. dimN} <o vn>1

Reason: (A1 -T)"=2"1 —(DA'HT +[2)/1”_2T2 —...+(—1)”{

!

Mo
n

0 compact

Lma 1= ker (A1 -T)"

is finite dim.

Lma3.3k215N} N c..aNK =Nk =
# = #

Note: Not true for 1 =0
Ex. T(xl,xz,...)=(%x2,%x3,...) on 12
Then T =TTy, where Ty left shift &
T, = multi. by {1%%}
-+ T, compact = T compact.

But N ={(x1,...,xn,0,0,...)} v n>1

Pf.: (1) Check: N = N+ = N+ = NO+2
Check: N2 < N§*L
Letxe NJ*2 =ker(4l -T)"*?
A(A-T)"x=0
I
(A =T)™ (41 =T)x
%,—/
= (A1 -T)xeker(Al -T)"*! = ker (41 -T)"
ie, (A1-T)"(A1-T)x=0
I
(A1-T)"x

LXe NRH

n+1
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(2) Assume N = N7+ wn,

Riesz Lma (p.132) = for £ = 2,3 x, e N3 5 x| =1 & [y — x| >1-2 =1 wxeN]

-+ T compact
=3 Xn, 3Txnj conv. in norm

But, for nj > ny

Ty, =T, =(a1-(al —T))xnj ~Txq,

= iy, —((/u “T)xy, +Txnk)=/1(xnj —%((M “T) oy, + Tk, ))

o HTXn,- —TXn,

=A%, =L ((A1=T )X, + 0 )| > 12 ¥ > = >

o
J
eN,

Check: (A1 =T )y, +Txy, € N;7 =ker (21 -T)"
5(A1=T)" [(M =T)%n, +TxnkJ

= (21 -T)N* X, #T (A1 =T)" g,
[ I
0 0 ( X, € N o NEJ‘)

Note: N} = {xe X (T -21)x=0} (eigenspace of 1)
o0
N/'{ = VU N/r{ = {x e X (T-Al )n x= 0 for some n 21} (generalized eigenspace of 4)
n=0
.. In finite-dim space, dim N}t = geometric multi. of 4
N
dim Nl{ = algebric multi. of A
i.e., multi. of 4 in characteristic poly. of T
k = size of largest Jordan block of 1.

A1 0
A1
0 A
A1
Ex. T =
o 3]

[4]

Then dim N}t =3,
dimNK =6, k=3



