EEiv e e e R
Class 68

Lma. 4. Al =T onto < Al -T 1-1.
Pf:"="

1
W
Assume ker (A1 -T )= {0}

Letxg =0 eker(Al -T).
-+ Al =T isonto

=3x>(A-T)x=x#0 =x &N}

Tx 3 (A =T)Xp =% (A =T)? % =(A1 =T)x =% = 0=> X, & N3

But (A1 —T)? % =(A1 =T)xg =0= ¥ € N?

(A =-T)Pxp =(A1=T)* % =0= X, e N3

= NI =N vn e
. ker(41=T)={0}

wran(A1-T*) = ker (21 =T)" = {0} = X

From"=", ker(il —T*) ={0}.

1
ran (21 -T) =ker (21 -T%)
Notel. " <" not true for A =0

EX. T (X, %p,...) =(x1,%x2,%x3,...) on 12

T 1-1, not onto.

(0} =x.

Note2. If "= "true for 1 =0, thenranT =X =T 1-1=T invertible= 1 =TT % compact = dim X <

Lma. 5. {x,*x:} indep. in X *

=3 {X,.. %} =X > xi*(xj):éij Vi, j.

Lemma.
Pf.. - kerx]—‘ 5 A kerxX' o x]—‘ _ 3 ax" for some a's (True in any vector space)
1#] i#j
- ker Xj ;Qimj kerx; Vj @{xfx;} indep.
#



Lety; e( N kerxi*]\kerx’f

i )
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.'.xj-‘(yj);to & xi*(yj)zow;tj.

Letx; = i ex.Thenxi*(xj)=M=5ij vi, j

Xi(vj)

5(v;)

n
Lemma. f, f;,....f, linear functional on X. Then ker f > n ker f

k=1

n
< =3 o fg for some g's.

k=1
Pf.: " <" Trivial.

"=": (cf. J.B.Conway, A course in functional analysis, p.377).

n
May assume M ker f; = ~ ker f; vk

[

i=1

n
(Reason: Otherwise,  ker fj = ker f; cker f, reduce ton-1)

vk, 3 Yk G[
j=k

j=k =

n
N kerfjJ\(m kerfj]
j=1

=[ N ker fjj\ker fi.
j#k

= fj(yk)=OVj¢k&fk(yk)¢0

Yk

Let x, =
T ()

fj(Xk)ZO Vj;tk &fk(Xk)Zl.

Let ay = f(Xk)<—

Motivation:
Iff(x)=>a f (X) VX, thenfXx:)=> fi [Xi )= a;
()kkk() (J)kkk(l) i

Check: f- =X o fy.
k

Vxe X, lety =x=3 fi (X)xg.
k

Thenf;(y)= fj(x)—%fk(x)fj(xk):o vj

oy eker fj V]

= yekerf
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Lma. 6. dimker (A1 —T)=dim ker(ﬂl —T*) < o0,

Note 1. Same as finite-dim operator

Pf.:

2. Not true for A =0
Ex. T(xl,xz,...):(0,x1,%x2,%x3,...) on 12,
Then dimkerT =0

dimkerT* =1
0 01
.. 1 0 * 1
2

Let n=dimker (41 -T), m=dimker(/1I—T*).
Assume n < m.
Let {X,... X} basis in ker (Al -T)

{yfy;’;]} basis in ker(/ll —T*)

Hahn-Banach Thm.= 3 x{,.... Xy € X" > xi*(xj):éij Vi, ]

Reason: = Xj & v {Xq,...X_1, X 41+ Xn }

:Hxi*eX*axi*(xi)zl&xi*(xj)zow;«ti

Lma5 = 3yy,..., Yy € X 3yi*(yj):§ij i, j

(Note: In Hilbert space, let xi* = X; be orthonormal & let yi* =Yi)

Let Sx =Tx + E X (X)y;  VxeX
i=1
finite-rank operator
.. S compact.
Check: ker(A1-S)={0}
Let x e ker (Al -S)
S”x = AX

TX+ X% (X) Vi

= (Al —T)x:gxi*(x)yi
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|| <« (def. of adjoint)
((21-7)" ¥ )

I (o yjeker(41-T7))
0

App'yy’irv}‘((ﬂl—T)x)=§x?‘(x)v}‘(yi)=x}‘<x) v

= (A1-T)x=0
ie, xeker(Al-T)

:>x=§/1ixi
i=1

Apply X} X (X) =ZA4X] (%) =4
I (by (%) !
0

=x=0

Lma4 = ran(Al=S)=X

. Yni1 = (41 =S)x for some x € X

APPY Y1 Ynst (A1 =S)x=Yp 1 (Yni1) =1
|| (def. of S)

m(w —T)x—;x?(x)ﬂ

=>nzm

Applied to T* = dim ker(/II —T*)Zdim ker(/ll —T**)zdim ker(A1-T)

l
m

||
n

(w21 =T extension of 1 ~T = ker (21 ~T"") Sker(41 -T))

= m=n
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) n ) L\N (Lma. 3) .
Note 1. dimker(A1-T) =d|mker(/1I—T ) <o Vn>0 = Kk of T=ky,of T" &

algebraic multi. of A in T = algebraic multi. of 2 in T*.
geometric multi. of 4 in T = geometric multi. of 2 in T".
Note 2. In Banach spaces: A* = /.

In Hilbert spaces: 1* = 1.

Reason: A1 on X = (21)" on X ™.
[
Al

If identify X * with X, then A1 — A1.

Fredholm alternative:
X Banach space, T-compact, 4-#0.
Consider (A1 =T )x=y.
Then exactly one of the following alternatives holds:
(D VyeX,3Lxe X >(A-T)x=y.
(2)3x#0e X >(A1 -T)x=0.

L
Moreover, (A1 -T)x=y issolvableinx < ye ker(/il =T ) , e,y L finitely many vectors in ker(/il —T*).
T
(Hence integral equa., dual problem arises naturally)

Pf.: (1) & Al =T invertible.
(2) & A1 =T not 1-1.
By Lma4., Al -T 1-1< Al —T onto.

L
Also,yeran(Al-T)< ye ker(/ll -T )

Note 1: True as finite-dim. operators.
Simplest case:
ax=y
(D vydlxsax=y(<a=0)
(2) 3Ix#0 >ax=0(<a=0)
Note 2: Not true for 1 =0:

EX. T(xl,x2,...):(x1,%x2,%x3,...) on 12

Then (1) & (2) not true
i.e., T notonto, but 1-1
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Note 3. (1) < (1)* Wy* e X*,31x" e X* 3(/“ —T*)x* —y*

2 = 2 EIX*;tOeX*a(M —T*)x* -0,

Moreover, (M —T*)x* =y" is solvable in x* < y* e ker (Al —T)L.

Pf.. (1) "1l -T invertible < Al -T 1-1"
JbyLma7
(1)" <"1 =T invertible < A1 -T* 1-1"



