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Class 69
Sec.5.3. Spectral theory,
X normed space over [.
T:X — X bdd linear

Def: o(T)={Ael: A1 -T not invertible}
(spectrum of T)
p(T)=0\o(T)={Ael: Al -T invertible}
(resolvent set of T).
R(AT)=(A1-T)™" for Ae p(T)
(resolvent of T)
A el eigenvalue of T if Al =T not 1-1.
A el in continuous spectrum of T if A1 —-T 1-1, m =X butran(Al -T) = X.
A el in residual spectrum of T if A1 =T 1-1, WI—T) # X
Note: o (T ) = {eigenvalue} U conti. spectrum U residual spectrum, & mutually disjoint.

Thm. X Banach space.
T : operator on X
Then (1) p(T) openin(j;
@ R(u,T)=-R(A,T)=(A-u)R(AT)R(u,T) Vu,Ae p(T);
(3) R(4,T) analytic for 2 p(T): p(T )= B(X).
Pf.: (1) Let 4 ep(T).
1

—)_lH < p(T)

Check: B| Ay, H(,lol 3

Check: |}t—/10|<;:>/1l ~T invertible.

H(,u —T)‘1H I

AL Z(ﬂ,i)[' +(4-70) (%] —T)_l}
£ - ‘

invertible invertible

(Ex. 4.6.2. 0n p.144, |2~ 4g|- (o -T)| " <D)

(Need Banach space: | A <1= 1+ A invertible & (I + A)_1 =1-A+A%—.. conv.in 19

(2) Main idea 3f[53:
LHS=(ul =T) " (A1 =T) "= (ul =T) " [(A1 =T) —(ul =T)](A1 =T)™" G&i5s)
=(ul =T) H(2-u)(A1 -T) " =RHS,
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(3) Main idea: *'| (2), reduce to conti.

R(u,T)-R(4,T) (2=U)R(A,T)-R(u,T)

= lim

R'(2,T)= lim

u—4 u—A4 u—4 u—4
(by(2))
=-R(A4,T) lim R(u,T) =—R(/1,T)2
u—>A4 T

= R(A,T) analy.in 2 (Reason: Asu— A,ul =T — A1 -T in |||
=ul-T) s -1) i ||

A_l‘
Lma. A invertible & B - Al| < 1 = B invertible & HB_1H < H
A 1-[B- A A7
A |~
=<

ot [o s [ ae ] <

1-j1-BAY| 1-[B-Al|A

Thm. Assume X Banach space over [,T : X — X bdd operator
(1) o(T) compact (Ex.5.2.6),
(2) o(T) =D (Ex.5.3.1). « (Deep: dim X < oo, by fundamental thm of algebra)
Pf.: (1) o(T)=0\p(T) is closed.
Let 1 e O'(T)
Check: 4] <|[T||
Assume || >|T|.
T
Then 41 -T = 2(1-I) & H%H =%<1

- Ex.4.6.2.=1 —% invertible.

= Al -T :ﬁ(l —%) invertible: - >«
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(2) Assume o (T)=2.
Then R(4,T) analytic on[J, i.e. entire func.
Check: lim R(4,T)=0.

‘/1‘%00

1 1 -1
For [2|>[T[, R(A,T)=(41-T) :Z(l_%)

(%)n (- H%Hd by Ex. 4.6.2)

D8

1
An=0
Lol 1 1 1
CRAT)| S5 2 == -
IR 2 T

—0as |1 > .

= R(4,T) entire & bdd on [,
Liouville's Thm = R(4,T) is constant —«
(Same as proving fundamental thm of algebra for finite matrices)
= O'(T) = .
Thm. X Banach space, T-compact on X,dim X = oo,
Then one of the following holds:
(1) o(T)={0};
(2) o(T)=1{0,4,.... An}, Where 4 = 0 eigenvalues;
(3) o(T)={0,4,4,,...}, where 2; =0 eigenvalues & Iiimﬂi =0

Main idea: (1) indep. of eigenvectors
[ (2) Riesz Lmma }
Note: If dim X <0, (T)={A4,.... 4,} can be arbitrary.
Pf.: (i) Check: 0 e o (T)
i.e., T notinvertible.
Assume T invertible
Then | =TT compact.
=VbddY c X, TY):\? compact
2. Thm. 4.3.3. (p.133) = dim X <. —>«—
(ii) VA e o (T)\{0}, 1 eigenvalue of T
Reason: A1 —T 1-1= onto = invertible —«
S AL=T not 1-1.
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Let £>0.
(iiii) Check: o (T) {2 el:|A|> &} is finite.
Assume A, € o-(T)m{/i el:|A|>&},n=1,2,...,distinct
A, 20

Check: {x,} indep. (as in finite-dim space)

Assume otherwise, say, Xq,...Xx_1 indep. & xq,...,.x, dependent(k >1)
Assume ¢ X +...+C X, =0, with c's notall 0
Apply T i xq +...+ G A X =0

A
- :olixl+...+ck_1%xk_l+ckxk =0

A
(1—%)01X1+---+( —%)Ck—lxk—FO

# #

0 0
= O =il = Cy==0
=Xk =0

= =0 -5«

Let Yy =v{X, ... X },n=12,...

Riesz Lma =3y Y 3o =1 & [yn=y[> > ¥y €Yo 1.

Y compact & In <1 vn
&
Yn. Yn.
=3 —L>5T|—conv.
Anj n;

y Yn. y Yn, 1
T[iJT L M=1yn, = ¥, —T%H—J >

(i) = A, eigenvalue of T.
Letxp =0 in X 5 (21 =T )x, =0 I

—¢




BB B

Yn.

Check: | yp, — I +TieYnk_l
‘o),
Nk

ynk € Ynk = ynk = Zlal Xl
i=

N Nk
:>Tyn = Z O[iTXi = Z aiﬂ’ixi EYn
Ko i—1 X

Ly "1 A Y
= Yo, —=— T = 2 |1-— @ €¥p 1
Ny ﬂfnk Ny ) ﬂfnk "™ Ny
1
&;LH_TYHJ eYI"IJ' gYnk—l
J
(iv) o(T) countable

Reason: o (T)=1{0} u 8 (o-(T)m{/l e0:|4|> l}) — countable.
n=1 n

finite
(v) Assume' {4; } infinite
Then Ve >0, except for finitely many 1's, | 4| < &
i.e. Iiimﬂ1- =0

Homework:
Sec. 5.3 Ex.3,4,10

Ex. for o(T) for compact T.

Then o(T) = {0}
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Pf."c™ Letleo(T) &A1#0
Then A eigenvalue of T.

Say,T(xl,x2,...)=(0,x1,x72,%3,...)=/1(x1,x2,...)¢0
DﬂX]_:O
ﬂXZZXl :>X1=X2=...=0. —>&—
ﬂ,XS :X?Z
=o(T)={0}
Ty
- T not onto

=T not invertible
:>OGO'(T).
Ex. 3. T(xl,xz,...)z(%,x—;,..) on 12
Then o (T ) ={0}.
Pf."c" Letleo(T) & A#0
.. A eigenvalue of T

X: X
.'.T(xl,xz,...)=(72,?3,..)=/1(x1,x2,...)¢0
Z=ax = X =24 =210%
X 2
?BIX,XZ = X3 =3ﬂ,X2 =314 Xl

Xn :n!/ile
A" s casn— oo
(%) elP =% =0 =%, =0 Vn -«
" kerT ={(x1,0,0,...)}:>T not 1-1=T not invertible



