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Class 7

Thm. u” metric outer measure on metric space (X,p)
= closed (open) sets are measurable.
Note: "< " true (cf. Ex.1.8.1)

Pf. of Thm.
Let F be closed set
Check: u"(A)=u"(AnF)+u"(A\F) VAc X
Note: p(AnF, A\ F) may not be > 0, replace A\ F by smaller E,
~ A\F < F° open
Lma. = E, =

{XeA\F:p(X,F)Z%} 5 limu™(E,) =u (A\F).
U (A)2U (ANF)UE,) =u (AnF)+Uu'(E,)
) J
('.',o(AmF,En)Zp(En,F)2%>O) u"(A\F) as n—>®

Cor. u” metric outer measure
= Borel sets are measurable.
Pf. B = {Borel sets } E

a = {measurable sets }

Then a o {closed sets}.

a5 {Borel sets}.

Homework: Ex.1.8.1, 1.8.3, 1.8.4

Sec.1.9. Construction of metric outer measure
(X, p) metric space
K sequential convering class

K, :{Ae K: d(A)S%}u{;iﬁ} forn>1.

Assume K, is a sequential convering class.

Note. In general, false.
Ex. K ={[n,n+1]:neZ}u{g} inR.

Ex.R or R"
K ={open intervals} L {4}

Then K, sequential convering class V.
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2:K = [0.00] , A(¢)=0. Then A|K, = 4,: K, —>[0,0].
Let u,, outer measure w.r.t. K, 4., i.e., u’ (A) =inf {Z/I(Ek):d(Ek)S1 vk, AguEk} VAC X
k n k

Note: 1. K,,; < K,
2.U (A)<up, (A VAC X
Define: uy(A)=limu;, (A)=sup u, (A) VAc X

Thm. u, metric outer measure.
Pf: (1) up: 9(X)—[0,0]
(2) ug(¢) = limu, (¢) = 0.
(3) AcB=u,(A)<u;(B) ¥Vn
2 X
Ug(A)  Ug(B)
(4) Countable subadditivity:

LetE, c X Vk
U;(k&JEk)S%U;(Ek)S%U;(Ek)
&
Ua(kkJEk)

= U, outer measure
(5) Assume p(A,B) > 0.
Check: uy (A)+uy(B) < ug(AUB)
Ve>0, vn, 3{E,lcK, > AuBCc kk)Enk & %ﬂ(Enk) <u, (AUB)+e.

1
wd(Eqy) SH'
1 1
. p(A,B)>0= p(A B)>= forn large. n
n | | I
= E,, cannot intersect both A, B 0 (A, B)
Decompose {E, } as {Enk'} & {Enk"} Enk
cover A cover B
Uy (A) S ZAE) 1
* " n
u,(B) < %/I(Enk ) A B

=u (A)+u,(B)<TA(E,)<u (AUB)+&
VT TalB) = s \AYB) e

Letn >0 & &— 0, completing the proof.
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X metric space

K A — U’ outer measure
U \2
K, A|K,—u, T u, metric outer measure

Question: u = u, ?

K, sequential covering class Vn>1 Note.
Thm|VAeK, Ve&>0, Vn>1 conditionson 4 & K
HEJ <K, > AcE &S AE)<A(A)+¢ " = u metric outer measure
k k

Then u”=u,
Note: condition holds for R or R" (Ex.1.9.3)

= u" Lebesgue metric outer measure (- Sec.1.9)
= Borel sets are Lebesgue measurable (Sec.1.8)

Pf."<™ K, cK
=u (A <u (A VA, ¥Yn>1
\’
Up (A)

">" tVA, Ve>0,3(E}cK > AcUE; & Zi(Ej)Su*(A)+§
i i

Hypothesis = VE;, 3{B; } =K, > E; c By & %i(Bjk)S/l(Ei)+ﬁ

SA4Ba b oK. & covers A
{ Jk}],k .

& * E &
2j+1 <u (A)+E+E
Il
&

U (A) < ;(/I(Bjk) STAE)+X
i j ]

Let e >0,n—>



