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Class 9 
Sec.1.10. Signed measure

                 -algebra on 

    Def: :  ( , ] or [ , ) is a signed measure if

           (1) ( ) 0,

           (2)  countably additive

X

u

u





    


a
a       

1 2

1 2

Note:  may not be monotone

Ex. ,  measures on  

     Assume one of them is a finite measure.

     Let ( ) ( ) ( ) for 

          Then  signed measure.

Major result: converse 

                

u

u u

u E u E u E E

u

  

a

a

1 2    i.e., every signed measure  is , one of them is finite.  u u u u 

 

        signed measure on 

Def:  is positive ( 0) if  ( ) 0    ,  

        is negative ( 0) if  ( ) 0    ,  

Thm 1. (Hahn decomposition of )

        signed measure on 

      Then

u

E E u A A A E

E E u A A A E

X

u X

     
     

a
a a
a a

  ,  0,  0,   &  A B A B A B X A B         a 

 

-1

1

Lma 1.

     (1) 0,  ,  0

     (2) 0  0

     (3) 0,  ,  ( ) ( )

Pf : (1) ,  ( ) 0

      (2) ,  ( ) ( ) (( ) \ ( ))
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                                                                                 mutually disjoint

          ( ) ( ( ) \ ( ) ) 0.
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 ) & ( \ ) 0 ( ) ( ).

Note: Similarly for negative sets: (3) 0, , ( ) ( ).
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Lma 2.  signed measure
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    Pf : ( )  ( \ ) ( ).

           If  ( ) ,  then :  ( , ]

              ( \ ) is in ( , ]

           ( )             

           Similarly for ( ) .
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    Pf of  thm:

        Assume,  :  ( , ]

        Let inf ( )
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        Then  0  ( )  

        Let 0,    (by Lma 1 (2))

             ( ) ( )    (by (
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Note: 0.

Reason: 0  0.
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(1) Let 1  be the smallest  ( )  & 
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(2) Let 1 be the smallest  \ , ( )  (replacing  by \ )
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(k) Let 1 be the smallest  \ ( ),  ( )
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Note: ( ) ( ) ( ) ( ) 0...............(**)

0 ( ) ( ) ( ) ( )

0, completing the proof. 

Note: Hahn decomposition not unique (cf:
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