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Class 9
Sec.1.10. Signed measure
a o-algebraon X
Def: :a —> (—o0,00] or [—o0,0) is a signed measure if
(1 u(g) =0,
(2) u countably additive
Note: u may not be monotone
EX. u;, u, measures on a
Assume one of them is a finite measure.
Letu(E)=u,(E)-u,(E)forEca
Then u signed measure.
Major result: converse
.., every signed measure u is u = u; —u,, one of them is finite.
u signed measure on a
Def: E € a is positive (E>0) if u(A)>0 VAea, ACE
E ca is negative (E <0) if u(A)<0 VAeca, AcE X
Thm 1. (Hahn decomposition of X)
u signed measure on X
Then3ABea> A>0,B<0, AUB=X &AnB=¢

Lma 1.
WDE>0,Fea, FCE=F=>0
(2)E,20Vn= UE, >0
n

(3)E>0, Fea, FcE=u(F)<u(E)
Pf:(1) VAca, AcF=AcCcE=u(A)>0

1
(2) VAea, Ac E, = A=(UE,)nA=U(E,nA) =U((E, N A)\nu(Ei N A))
n n n n i=1
mutually disjoint

— U(A) = SU((E, A AN\ C(E, A A)) >0,
n i=1

a

En

UEn >0
n
(3) ~u(E)=u(F)+u(E\F) &u(E\F)>0=u(F) <u(E).
Note: Similarly for negative sets: (3)E <0, F ea,F c E = u(F) > u(E).

Lma 2. u signed measure
EcF,E Fea, [u(F)<o=|u(E)|<®.
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Pf: -u(F)= u(F\E)+u(E).
If Uu(E)=+o, thenu:a — (—o0,x]
S U(F\E) isin (—o0,00]
= U(F) =+o —<—
Similarly for u(E) = —.

Pf of thm:
Assume, U:a — (—o,0]
Letb=infu(B,)
B, <0
Then3B; <0 > u(B;) —b
LetB = \_JB]- <0, (byLmal(2)
J

wb<u(B)<u(B;)—>b (by(3))
=0>b=u(B)>-w
Let A=X\B
Check: A>0
Assume A2 0
Then3E, c A Ejea > u(E))<0

Note: E, £0.

Reason: E, <0= BUE, <0.
~b<u(BUE)=u(B)+u(Ey)=b+u(E;) <b. -«

=3E cE; E €a > u(g)>0
(1) Letm, >1 be the smallest > u(El)zi & E, cE, A
m /Al,
"+ —0 <U(Ey) <0 @
— o <U(E) < (Lma. 2). ', @/

= U(Ey \E)) =u(Ey)—u(g) < u(EO)—%< 0

(2) . Let m, >1 be the smallest > 3E, < E,\ E;, u(g,) 2i (replacing E, by Ej \E;)
m,

k-1 1
(k) Let m, >1 be the smallest > 3E, c E, \(_UlEi), u(Ey) zm—
= k

Let Fy = E5 \(UE,). Check: Fy < 0. &)
k
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LetF c F,
1

~Uu(F) <
(F) <=

WO as kK — o

/I\
k-1
(Reason: Fc E, \(_L_)lEi) vk

u(F)>

forsomek —<« minimality of m,)

my

+{E.} disjoint
= U(LkJEk) = %U(Ek)

v UE, cEy & —o<Uu(Ey))<0 = < oo (by Lma 2)
k

u(UEy)
k

- 2 u(E,) converges
k

=Uu(E,) >0 as k>

v/
1

my

1
=>—>0 =m —>woas k—>wo

my
=u(F)<0
e, /<0
Note: u(Fy) = U(Ey) = 3 U(E,) SU(Eg) < Ouvevrercer. (**)
k=1

“BUFR <0=>b<u(BUFR,)=u(B)+u(FR)=b+u(FR,) <b—>«
= A>0, completing the proof.
Note: Hahn decomposition not unique (cf: Ex.1.10.3).



